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^	_b£­YXlª{%Z¤§y{uxlvlv{qlvjmlonpbAa
∂tf(t, x, v) + v · ∂xf(t, x, v) + E(t, x) · ∂vf(t, x, v) = 0, / ±10
∂xE(t, x) =
∫
R
f(t, x, v) dv − 1 = ρ(t, x) / ±Ñ0
5b)lp+tpu¥¬?b)lnp_5b¾bAX{rmnvu{q·{}¨ A{¥uxlvu¥{Xq5¥b]lvl5xlva! {}¨_}tpb] }tvnvux+b)l / bAb)+nvtp{ql!qKu{q«lAµ¶u¥nv_q5{tpa!}u¥°)b)a!lpl1}q«_}tpbA{qlªnpqXnl0+µ«_bAtpbu¥q{q5b(5u¥aHbAq«lªu{q9µ?uq¾nv_5bAXlªb¶_bAtpbnv_5b
a!q5bAnvuxYbA»?b]nl$}tpbq5bAX¥b]nvb]u¥qnv_b¦9{tpbAqZnp°Y¨©{XtpAb±z^	_5b%tvux}¬5b)l
x
q
v
mb)q5{}npu¥q5!tpb)lv«b]¤
npu¥XbAjHnv_5blvX+b£«{Zlªu¥nvu{qÆ}qnv_b£XbA{m+u¥nojµ
f(t, ·, ·)
ulnp_5bbAb)+nvtp{q5tv{X¬}¬u¥u¸nojQ5ulªnvtpu¥¬rmnvu{qu¥q
_lvblª«+b}nnvuaHb
t
±321bAtpbµ«u¸n1uxl1Xlvlvr5aHb)np_%nnp_5b(¬X ² tp{r5q / ?{Xlvu¸npu¥Xb10	u{q«l$muxlonptvu¬5rmnpu¥{Xq
fb
lv}nvuxloºb]l ∫
R
fb(t, x, v)dv = 1
µlª{nv_«%n
−ρ
aHCj¾¬?bQlvbAbAq.lYnp_5bHnv{np}z_«}tpb35bAqlvu¸noju¥q nv_b
y{Xulplª{Xqb)wZr}nvu{q / ±Ñ01np_%n+{Xr55b)lYnv_bHlvbA¥¨Ú¤ê+{q«lªuxlonpbAqZnbAb)nptvux(ºbAx −E ¶u¸np_np_5bHbAb)+nvtp{ql5ulªnvtpu¥¬rmnvu{q
f
±54êqnv_5blvb)wZr5bAEµk¶b£lª_«}¨©{X¥{%¶Ça!}qkj!}rmnp_5{tlMuq5tv{X55uq5np_5bYaHuqkrl	lªuql}q«
tpb+¨©b)t	nv{
ρ
q
E
lnp_5b_tvXbYmb)qlªu¥nojqnv_5bb)¥b]nvtpux1º«bAx:±
^	_ba!}nv_5b)aH}nvuxA	lv{rmnpu¥{Xql3nv{ nv_5b~r_kj yztv{X¬5bAa Xu¥XbAqK¬kj / ±60Aµ / ±Ñ0H}q¯nv_5b¾uq5u¥nvux}%np
f(0, x, v) = f0 / ± - 0
_«Cb¬?bAb)q·lªnvr5u¥b]¯¨©{Xta!qZj.jXb)}tl67!nv_5b{¬«}	b+´muxlonpbAqAbuqKnpu¥aHbÆ{}¨1¶b) ² lª{X¥rmnpu¥{Xql(nv{ nv_5b
a3r5¥nvuxmu¥aHb)qlªu{q«}:5tp{¬5bAa ¶Xlºtlon5tp{%b]Quq )8 - ¬kj ¢ tplvbAq  b):9¥;Eµ«}q¶b£tpb+¨©b)t	nv_5btpb)XmbAt
np{¾nv_bQ¨©r5tvnv_5b)t3tpb)lvr5¥npl / {q ¶b) ² q lva{k{nv_Klv{rmnvu{q«l0{¨=<	%nªn>9 ;Eµ?2${Xtplªn@9Ñ}mµ - ;Eµ<	}tm{Zlq@AYbAX{q)9ÑB;§µhm_}bA»?b)tC9 -D ;Eµ5¦0u¥{Xql	}qybAtvnv_aHbE9 - B;Eµ5qQnp{(np_5btpbAku¥b)¶ ¬?{Z{ ² {}¨?F£XlvlvbAj
9ÑB;E±C<b)Arlvb¶b}tpb(+{Xqlvumb)tvuq5!np_5b{q5b(5u¥aHbAq«lªu{qtv{X¬5¥b)aÆµOq¾¬?b))}rlvb{rtYqkr5aHbAtpuxA}
lp_5b)abYq5bAb]5lMnv_5b£u¥qu¸npuOlv{rmnpu¥{Xq!nv{3¬«b£u¥q
W 2,1
µm}q!_bAqAb£A{qZnvuqkr5{rl)µZ¶b£A}qrlªb£}qQb]}tp¥ubAt
tpb)lvr5¥n{}¨G4ê{t5}ql ² uG9 - H; / x%npbAtuaH5tv{%Xb)¬kj}q~{k{?bAtqJI¥ua!lC9B86;K0¶_5{Hb)lªnp¬5¥uxlv_5b)uqnp_5bb)tvjMLXl	{¬Ob+´mulªnvb)q+bqr5q5uxwXrbAq5b]lvl¨©{Xt$+xlplªuxA / +{XqZnvuqZr{rl0lª{X¥rmnpu¥{Xqlu¥qnp_5b{q5b5u¥aHbAq«lªu{q9AXlªbX±
hmu¥qAb1np_5b£¬«b)uq5q5uq5Xl{}¨9qkr5aHbAtpuxA}?5xlva!(lvu¥a3r5}nvu{qQuqQnp_5bCLl)µZaHqkj3npb)_5quwZr5b]lM_CXb1¬?bAb)q
uqkb]lonpu¥Z%nvb]:µk}aH{q53¶_5ux_Qnv_b¦}Xtpq5ux}qNª}tvnvux+b1uqAbAPO£abAnv_5{m / y4v~Q0¶_5ux_Æ+{q«lªuxlonlM{¨55tp{C´mu¥a!%npu¥qHnv_5b35Xlªa!!¬kj¾!º«q5u¸npb(qkr5a3¬«b)tY{¨zaHX+tp{}¤§}tvnvux+b)l)±$^	_5b(nvt%|ob)+nv{Xtvub)l{¨Snv_5b]lªb
«}tvnvux+b)l£}tpb(+{Xarmnvb]¾¨©tp{a nv_b_tpXnpbAtpulªnvux+r5tpb]l
t → (X(t; s, x, v), V (t; s, x, v))
{¨znv_b
­YXlª{%!b]wZr%npu¥{Xq / ±60nv_}n1}tpblª{X¥rmnpu¥{Xql{}¨
∂tX(t) = V (t), ∂tV (t) = E(t, X(t)) / X± R0
¶u¥nv_Èu¥qu¸npuSC¥rb)l
X(s) = x
q
V (s) = v
µ:¶_5b)tvb]l£lªb)¸¨Ú¤ê+{Xqlvulªnvb)qXnYºbAx5l}tpb3A{aH5rmnpb)¬Zj
Z%np_5bAtpu¥qYnp_5b1_tvXb}qH+rtvtpbAqZnMmb)qlªu¥nvub)lz{}¨Onv_5b1}tvnvux+b)lS{Xq!ab]lª_!{¨?_lvb$lª«+b / lªb)b"9)B;¨©{Xta{Xtvbmb+n}ul0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?bAt%np{t{q.np_5b!ºqu¸npbQbAbAaHbAqZn3lvX+b!{}¨r5qu¸¨©{Xtva'aHb)lv_
lvu°Ab
h
µ«}q <b)lplªbmb]+{aH?{Xlvb)lnv_bqZrab)tvuxA:bAtptv{XtuqZnv{
f(tn+1) − fn+1u = [f(t
n+1) − S∆tf(t
n)] + (I − Ph)S∆tf(t
n) + Ph[S∆tf(t
n) − S∆tf
n
u ].
Yq«+bubAq }qÈb)lªnvuaH}nvb¨©{t£np_5bnvuab!muxlp+tpb+nvu°)}nvu{qÈbAtptv{Xt
‖f(tn+1) − S∆tf(tn)‖L∞
µ:nv_b ² bAj
?{uqZnuxlMnv{aH ² bYrlªbY{}¨9np_5b
C2
lvaH{k{}nv_q5b)lplM¶_u_Quxl	lplªrab]H¨©{tnv_bYbA´mXnlª{X¥r5nvu{q9µZu¥q{tmbAt
np{Æb)lªnvuaH}nvbHnp_5bH5tv{|ob)+nvu{q bAtptv{Xt
‖(I − Ph)S∆tf(tn)‖L∞
±,4êq.+{XqXnptpXlon]µ0mb)q5{}npu¥q5Æ¬kj
Mn
nv_5b
aHb]lª_Ælplª{mAu}nvb)Qnv{nv_b5mnvub£qkr5aHbAtpu)}9lv{rmnvu{q
fn
µmnv_5bX5}5nvublv_5b)aHbY¨©{Xtva!¥j!tvb]5l
Xl
fn → fn+1 = PMn+1S∆tf
n,
¶_bAtpbnv_baHb]lª_
Mn+1
_lY¬«b)bAq {¬mn}uq5b)¾¨©tv{Xa
Mn
¬kjÆnv_5bH}¬?{%b3ab)qZnvu{q5q5b]lªnvt%npbAjX±C4êq
{Xtp5bAtnv{u¥qA{tp«{Xtp}nvbnp_5uxllonptp}nvbAXjHu¥q{r5t}q«}jklvuxlAµZ¶b£_X!nv{Hmb]+{aH?{Xlvb1np_5bqkr5aHbAtpu)}?bAtptv{Xt
XAA{tmu¥q(np{
f(tn+1) − fn+1 = [f(tn+1) − S∆tf(t
n)] + (I − PMn+1)S∆tf
n + [S∆tf(t
n) − S∆tf
n].
d1q5u ² bYuqnp_5b£ºtlonmb)A{aH?{Xlvu¸npu¥{Xq9µZnv_5buqXnpbAtp«{X}nvu{qQb)tvtp{tul	q{%¶ +{q«lªuxmbAtpb){q
S∆tf
n ¶_5ux_
uxlb)lpl$lva{k{nv_nv_q
S∆tf(t
n)
±  b(}tpb£nv_5b)q¾¥bA¨Ún1np{Qlonprmjnv_5btpbAXr5tvu¥nojQ{¨np_5bqkr5aHbAtpu)}0lv{}¤
rmnpu¥{Xql	}qQ¨©{tnv_5uxl	5r5tp?{Xlvbµk¶b£uqXnptv{mmr«+b3muxlp+tpb+nvb£+r5tp%%npr5tvb£aHb)Xlªr5tpb
| · |?
nv_}nlªnpq5lM¨©{t
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Q¶b] ² b]wZr5u¥%¥b)qXnY{}¨nv_5bHhk{¬?{bA
W 2,1
lªb)aHu¸¤§q5{tpa ¨©{t1A{qZnvuqkr5{rl15ub)+b)¶ulvb( Hqb¨©r5q+nvu{ql
{¨
R2
± Yrttvb]lªr¸npu¥q5¾b)tvtp{tb]lonpu¥a!}nvb)l(}tpb3np_5bAq b]lon}¬5uxlª_5b].r5qmb)tnv_blª{X¥bQXlvlvr5aHmnpu¥{XqÈnp_%n
np_5buq5u¸npu05}npul$u¥q
W 1,∞ ∩ W 2,1
µ5¶_u¥bnv_5{Zlªb{¨39 LB;Xlvlvr5aHb
C2
lªaH{k{}np_5q5b]lvl)±zc${nvb£nv_}n¨©{t
lv{rmnpu¥{Xql¶u¥nv_¾{k)}0lvuq5r5x}tpu¥nvub)llvr_l	º«ab)qZnp%npu¥{Xql¤M¨©{Xt$¶_5ux_5mnvubmuxlp+tpb+nvu°)}nvu{ql
tvb£{¬kku{rlv¥j!qbAb)5b)¤Snv_5b
C2
q5{tpaul$a(r__5u_5b)t	nv_qnp_5b
W 2,1
q{tpa±
Yrt«b)tlªnptªnluq   ¯¶u¸np_GK¬5tvub+¨tpbAaHuqmb)t{¨nv_5bÈa!}uq65tp{?bAtvnvub)l{}¨nv_bÈbA´mXnÆlª{X¥rm¤
npu¥{Xql}q«{¨np_5bHnvuaHbQlª5u¥nªnvuq5lp_5bAaHb
S∆t
{¨$~_bAq5¾}q«)Iq5{Xtvt]± ¢ q5bA¶ b)lªnvua!%nvbHuxlub)q
¨©{Xt£nv_5b!+{Xtvtpb)lv?{qmuq5nvuab!muxlp+tpb+nvu°)}nvu{qÈbAtptv{XtY¶_5ux_{Xq5ju¥qkX{b)l1nv_b
W 1,∞
lvaH{k{}nv_q5b)lplA±
^	_blªnvt%npbAj¨©{t£b)q5bAt%npu¥qQnv_bX5}mnpu¥Xb(aHb)lv_5b]l1uxlYnv_5b)qÈmb]lvAtvu¬«b]uq  - nv{XbAnv_5b)tY¶u¥nv_Ènv_5b
qkr5aHb)tvuxAlp_5bAaHbXµ9}qnv_5bHa!}uqÈA{qkb)tvXbAqAbtvb]lªr¸nullªnp}nvb)9µ:nv{Xb+np_5bAt£¶u¥nv_.lª{XabtpbAa!}t ² l
{Xqnv_5b{Xmnvua!}u¸noj{}¨nv_5baHb+np_5{m:±hmbAb)tpO5tv{X«b)tªnpu¥b]l	{}¨nv_5b35mnvubaHb)lv_5b)ltvbb]lon}¬5ulv_5b]
uq   5µO¶_5u_tvb(rlªb]¾uq¾nv_5b35tp{Z{¨S{}¨Snv_b3+{XqkbAtpb)q+btpb)lvr5¥nYub)q¾u¥q   k±hkbAXbAt}9qkr5aHbAtpuxA}
npb)lªnpltvbub)quq   LH¶_5ux_u¥rlªnvt%npb£nv_5bbA»?b]nvub)q5b)lpl	{}¨{rt	55tp{XX_9±
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21bAtpbulY!aH{tpb5tpb)+uxlvbmb)lp+tpu¥5nvu{qÆ{}¨S{rt15tp{¬5bAaÆ± Ä {X¥{%¶u¥qM<b]lvlvbuq 9 L;Eµ«¶b(A{qlvuxmbAtnp_%n
np_5b!5xlva!Æul!A¤E?bAtpu{k5uHuq nv_5b
x
mu¥tpb)+nvu{q9±>4êq.{}nv_bAt¶{t5l)µ / X±¥B0§¤ / ± - 0_{x¨©{Xt x ∈ [0, 1]¶u¥nv_Æ¬?{r5q«5}tpj+{Xqmu¥nvu{ql
f(t, 0, v) = f(t, 1, v) / 5± L0
q
E(t, 0) = E(t, 1). / 5± 80
¢ )+{Xtpmuq53nv{nv_by{Xulplv{qb)wZr%npu¥{Xq / ±Ñ0µ5nv_5bx%nvnvbAtuxlb]wXru¥%}bAqZn	nv{
∫
ρ(t, x) dx =
∫∫
f(t, x, v) dx dv − 1 = 0 / 5± D 0
/ r5q5b)lpllv«b]+u¥ºb):µnv_bQu¥qZnpbAt}xl£u¥q x q v tvb!}¶	Cjkl£n ² bAq tvb]lª?b)+nvubAj{%XbAt [0, 1] }q.}
R
0+µ¶_5ux_ÆaHb)}q«l	nv_}nnv_5b(5Xlªa!uxl${¬«}¥jQqbArmnptpÏµqÆ}xlª{HuaH5¥ub)lnv_}n$nv_5b({¬:aHXlvl
uxl+{Xqlªb)tvXb):± Ä uq}jµ:¶blvbAb3nv_}nnv_5bHbAb)+nvtpu(ºb)ulmbAºq5b]r5Ènv{ÆA{qlªnpqZn)µ9lv{np_%n¶b
)}q5q{}n_Cb¶b)¥¥¤§«{Zlªb]5tp{¬¥b)a³r5q5b)lpl	¶bX53°)bAtp{}¤§aHb)}qbAb)+nvtp{Xlªnp%npu£+{Xqmu¥nvu{q
∫
E(t, x) dx = 0. / m± 0
¢ +xlplvu)}?¶Cj3nv{tvb]Hnp_5by{uxlvlv{qQb]wZr%npu¥{Xq / X± 0uxlznp{3uqZnvtp{mmr+bYnv_bYb)¥b]nvtp{Xlªnp}nvux$?{}npbAqZnvux}
ϕ = ϕ(t, x)
lvr_np_%n
E(t, x) = −∂xϕ(t, x)
±MAYbAq5{nvuq5Æ¬Zj
G = G(x, y)
np_5b@F£tvb)bAq¨©r5qnpu¥{Xq
Xlvlv{m+ux%npb)!np{H{r5t5tp{¬¥b)aµknp_%n$uxl	np{HlpCjµk¨©{Xt
y ∈ [0, 1]
µknv_5blv{rmnvu{q{}¨
∂2xxG(·, y) = δ(· − y) on [0, 1]
ë©áß9ëÚï
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¶u¥nv_Æ?bAtpu¥{mmux£¬«{Xr5q5tvj+{q«mu¸npu¥{Xql
G(0, y) = G(1, y)
µm¶b{¬mn}uq
E(t, x) =
∫
K(x, y)
(
∫
f(t, y, v) dv − 1
)
dy / m±)0
¶_bAtpb
K(x, y) = −∂xG(x, y) =
{
y − 1 if 0 ≤ x < y
y if y ≤ x ≤ 1.
/ m±B0
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¦0b+n
Ω = [0, 1] × R
±?4êq{r5t$A{qZnvbA´kn)µknv_bA{tpbAa ({¨z~{k{X«b)t$}q I¥ua!lC986;0tpb)X5l	l¨©{{%¶$lA±
  ½kÂ  ½ "!$#&%'#)( 
f0 ∈ C(Ω)
 !B!H  B+*-,$ +	H(1() 
x
*,#=+
  !1	H   
v
*E 
! !/. 
!
∫∫
f0(x, v) dx dv − 1 = 0,
K*+ K*+	'M
 !H!    10 !
  (
(f, E)
  / X±¥B0 $ / ± - 0 * / m± L0 $ / m± 0  [0, T ] 2 (   (*K*R !=!
  (  ! !H   K*+*	'
 
	H !H(  	HB
! / ± 0  E G! !3.3H!  * / m±)0 K*+54 #=+	'  76
∂tE(t, x) = −
∫
f(t, x, v)v dv + ̄ / 5±¥C0
6&*
	"K*+#    	H	'
  +!H  
̄
 !@!H 31.   
̄ =
∫∫
f(t, x, v)v dv dx =
∫∫
f0(x, v)v dv dx. / 5±¥ - 0
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{Xulplª{XqlªjmlªnvbAa lp%npulª¨©jr5q5u¥¨©{tpalvaH{Z{nv_m¤
qb)lplb]lonpu¥a!}nvb)l¨©{XttvXb / ¬5rmnSºq5u¥nvbB0 nvuab]lA± ¢ lS}q(bA´5}aH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B½  ¯C!D#E!D#F( 
f0 ∈ W m,p(Ω)
! !/. 
! 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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!H !  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T J
f ∈ L∞
(
[0, T ]; W m,p(Ω)
)
.
4êq {Xtp5bAtnv{¾b]lon}¬5uxlª_ }q b)tvtp{tb]lonpu¥a!%npb!¨©{tnv_5b!npu¥aHb5ulp+tpb+npu¥°]%nvu{q0µ0¶bQlª_¥Mq5bAb] nv_}nnv_5b
lv{rmnpu¥{XqQ}qHnp_5b£bAb)nptvux	ºb)_CbYlª{Xab1tvb)r5x}tpu¸nojXµXqQlvr Q+ubAqZn	tvb]wXru¥tpbAaHbAqZnMuxlMnv_}n
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mnvubYlv_5b)aHb$nv{¬?bY¶bA«?{Xlvb)9µZ¶b1¶u?x%npbAt	l ²
f0
np{(¬?b£lv{(uq
W 2,1
±
e{tpb1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B½  ¯ !D#  # ( 
f0 ∈ W 1,∞(Ω)
! !3.3H!,K*+,* K*+
!H !  M *	'# G 2 ,7*  *
 
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T < ∞
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v
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Q(T ) := sup{|v| : ∃x, ∃t ∈ [0, T ], f(t, x, v) > 0} ≤ Q(0) + 2T / m±AR0
M  ! !/. 
!
‖f‖L∞([0,T ];W 1,∞(Ω)) ≤ C(T )
‖∂tf‖L∞([0,T ];L∞(Ω)) ≤ C(T )
‖E‖L∞([0,T ];W 2,∞([0,1])) ≤ C(T )
‖∂tE‖L∞([0,T ];W 1,∞([0,1])) ≤ C(T )
‖∂2ttE‖L∞([0,T ];L∞([0,1])) ≤ C(T ).
/ m±]0
Q	'6 2 <b]A}r«lªbnv_b)lvb$lªaH{k{}np_5q5b)lplSb]lonpu¥a!%npb)lztvb	XbAtpj3lvu¥aH5b	nv{{X¬mnpu¥qHuqHnv_5b${Xq5b$muaHbAqlvu¥{Xq})lvbµm¶btvb]A}O_5{%¶ np_5bAj¨©{¥{%¶6¨©tv{Xanv_b­1xlv{%X¤§y{uxlvlv{qlªjmlªnvbAaÆ±S^{!¬«b)uq¶u¥nv_9µ¶b{X¬lªb)tvXb
np_%n
‖E‖L∞([0,T ];W 1,∞([0,1])) ≤ C(T ) / m±6L0
q
‖∂tE‖L∞([0,T ];L∞([0,1])) ≤ C(T ) / m±B80
tvb3b)lªnp¬5¥uxlv_5b)Èl£lª{k{q l
f0 ∈ C(Ω) / }q«¾nv_bAjuq¨ÙXn}tpb(5tp{%b]Æu¥q 9B81; 0+±"4êqmb)b):µ9¶b3lvbAbnp_%nnp_5b+{XqlvbAtpC}nvu{q{}¨
f
}{q5np_5b_}t+nvb)tvuxlonpuY+r5tpb]l / ± 0jkubAx5l
0 ≤ f ≤ ‖f0‖L∞(Ω) / m± D 0
q
Q(T ) − Q(0) ≤ sup
(x,v)∈Ω
∫ T
0
|∂tV (t; 0, x, v)| dt ≤ T‖E‖L∞([0,T ];L∞([0,1])). / m±)0
dYlªuq5!lvrAAb)lplªub)¥j / m±)0+µ / 5±¥ D 0	}q« / m± D 0µ¶b_CXb1np_5bAq
‖E(t)‖L∞([0,1]) ≤ ‖K‖L∞
(
∫∫
|f(t, x, v)| dx dv + 1
)
≤ 2, / m±Ñ}0
q / m±A0Y¨©{¥{%¶$lY¨©tp{a / m±)01nv{XbAnv_5b)t¶u¸np_Ènp_5uxlXlon¬?{r5q9± ÈbQmb)tvub3nv_bAq.tvb]lª?b)+nvub)¥j¨©tp{a³nv_5by{uxlplª{Xq / X± 0	}qnv_b ¢ aH«b)tvb / m±]0b]wZr%npu¥{Xql
‖∂xE‖L∞([0,T ];L∞([0,1])) ≤ Q(T )‖f0‖L∞(Ω) + 1
q
‖∂tE‖L∞([0,T ];L∞([0,1])) ≤ Q(T )
2‖f0‖L∞(Ω) + ̄,
¶_u_5tp{%b)l / m±6L0	q / m±B80+±zc${%¶Gu¸¨ f0 ∈ W 1,∞(Ω) µ5b+nvnvuq5
{
(X, V )(s) = (X, V )(s; t, x, v)
(X ′, V ′)(s) = (X, V )(s; t, x′, v′)
and
{
ex(s) = |X(s) − X ′(s)|
ev(s) = |V (s) − V ′(s)|,
ë©áß9ëÚï
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 "!# $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	'()!
*+#, 
¶b_Cb
|f(t, x, v) − f(t, x′, v′)| = |f0(X(0), V (0)) − f0(X
′(0), V ′(0))|
≤ |f0|W 1,∞(Ω)(ex + ev)(0).
~{XaH5rmnvuq5¨©tp{a / ± 0nv_«%n |ėx(s)| ≤ ev(s) }q
|ėv(s)| ≤ |E(s, X(s)) − E(s, X
′(s))| ≤ ‖∂xE‖L∞([0,T ];L∞([0,1]))ex(s)
¶blªb)b£nv_}n / m±6L0nv{Xb+np_5bAt	¶u¥nv_¾MF£tv{Xqk¶¥:}tprab)qZnjkubAx
(ex + ev)(0) = (ex + ev)(t) −
∫ t
0
(ėx + ėv)(s) ds
≤ (ex + ev)(t) + (1 + C(T ))
∫ t
0
(ex + ev)(s) ds
≤ C(T )(ex + ev)(T )
≤ C(T ) (|x − x′| + |v − v′|) .
^	_ul9lv_5{%¶$l?np_%n
f(t)
u¥q5bAb)_«l:r5qu¸¨©{Xtva=¦9ulv_u¸np°zlªaH{k{}np_5q5b)lpl:{Xq
[0, T ]
µ]lª{np_%n
‖f‖L∞([0,T ];W 1,∞(Ω))uxl	¬?{r5q5b):µ5¶_bAtpb)l
‖∂tf(t)‖L∞(Ω) ≤ Q(T )‖∂xf(t)‖L∞(Ω) + ‖E‖L∞([0,1])‖∂vf(t)‖L∞(Ω)
¨©{X¥{%¶$lOtpb)5u¥j$¨©tp{aGnv_5bM­1xlv{%$b)wZr}nvu{q / X±¥B0±^r5tpq5uq5	nv{np_5bzb)¥b]nvtpuxºbAx:µC¶bº«tplªnlvbAbS¬kj£5u¸¨Ú¤¨©b)tvb)qZnvux%nvuq5np_5b$y{uxlplª{Xq!b)wZr%npu¥{Xq / ±Ñ0S¶u¸np_Qtvb]lª?b)+nznv{ x q t nv_}n ‖∂2xxE‖L∞([0,T ];L∞([0,1]))q
‖∂2txE(t)‖L∞([0,T ];L∞([0,1]))
}tpbtvb]lª?b)+nvub)¥jÆ¬?{r5q5b)¬kj
Q(T )‖∂xf‖L∞([0,T ];L∞(Ω))
}q«
Q(T )‖∂tf‖L∞([0,T ];L∞(Ω))
µX¶_5ub$nv_b1¬?{r5qQ{q
‖∂2ttE‖L∞([0,T ];L∞([0,1]))
ul{¬mn}uq5b)H¬kjHmu¥»?b)tª¤
b)qZnvux%nvuq5nv_b ¢ aH«b)tvbb]wZr%npu¥{Xq / m±]0¶u¥nv_Ætvb]lª?b)+nnv{ t ±
     9:
=D 
	 
Ä {¥{%¶uq5 9¥1LB;§µ 9 ZB;0}q«)9 LB;§µ5¶b£q{%¶Gmb]lvAtvu¬«bHlvu¥aH5b}q)+r5t%npb1npu¥aHblv5¥u¥nªnpu¥qQmXb)npu¥{Xq
lp_5b)ab
S∆t
± btvb]A¥?nv_«%n
∆t
uxlr5q5u¥¨©{tpa³npu¥aHblªnvbA¾q¶tpu¥nvb
tn = n∆t
±
x
Ã
v
A% Â C Â  ½ %m Â %# ^0{Æ}qkj¾ub)qÈXmb]nvu{qºbAx
F : Ω → R2,
¶bXlvlv{m+ux%npb
nptpqlv«{Xtªn${X«b)tp}nv{t
T : g → g ◦ F−1
5b+ºq5b]¨©{t1qkjA{qZnvuqkr5{rl¨©rqnpu¥{Xq
g
±34êq¾tªnpuAr5t)µ
no¶{H{q5bA¤§5u¥tpb)+nvu{q?Xmb]nvu{q«l}tpb£A{qlvu5bAtpb)u¥qnv_5bnpu¥aHblv5u¸nvnvuq5Qlv_bAaHb7
Fx : (x, v) → (x + v∆t/2, v) / m±ÑmB0
q
Fv(h) : (x, v) → (x, v + ∆tẼ(h)(x)), / 5± X0
ßß ÛTää]ñªå
]   	H   #=+!3     (*   * 	'

		
¶_bAtpb
h
}q
Ẽ(h)
tpb)lv?b)npu¥XbAj1mb)q5{}npbM}q}r5´kuutvj15bAqlvu¸noj1¨©r5q+nvu{q}q«1np_5b B!!1
(    
	H(
.3 
Ẽ(h)(x) =
∫
K(x, y)
(
∫
h(y, v) dv − 1
)
dy. / m±Ñ - 0
 bnv_bAqÆ¥bAn
Tx : g → g ◦ F
−1
x , Tv(h) : g → g ◦ Fv(h)
−1 / m±Ñ%R0
¬?bnp_5b(uq5b)t1nptpqlª?{tvn1{X«b)tp}nv{tllplv{kAu}nvb]nv{
Fx
}q
Fv(h)
}qÆº«q}¥jÆmb)q5{}npb(¬kj
Tv
nv_5b
 P 	 nvt}q«lª?{tvn{X«b)tp}nv{Xt
Tv : g → Tv(g)g. / m±Ñ0^	_bYnpu¥aHblv5u¸nvnvuq5Qlv_bAaHb
S∆t
55tp{C´kua!%npb)lMnv_5b)q
f(tn+1)
¬kj
S∆tf(t
n) := TxTvTxf(t
n), / m±ÑL0
¶_u_Æ+{Xtvtpb)lv«{Xq5lnv{ / ±Ñ0¶u¥nv_
{
X̃(tn; tn+1, x, v) := x − v∆t + ∆t2/2 Ẽ(Txf(t
n))(x − v∆t/2)
Ṽ (tn; tn+1, x, v) := v − ∆t Ẽ(Txf(tn))(x − v∆t/2).
/ m±Ñ80
^	_b¨©{¥{%¶uq5¥b)aa!Hb]lon}¬5ulv_5b]lnv_}n$nv_5bXlvlv{m+ux%npb)QX¥{X¬}Onpu¥aHbmuxlp+tpb+nvu°)}nvu{qbAtptv{Xtmb))Cjkl
u ² b
∆t2
±
B½  ¯C!D#  #F( 
f0
 !  
W 1,∞(Ω)
*  *

‖f(tn+1) − S∆tf(t
n)‖L∞ ≤ C(T )∆t
3.
^	_b£tv{k{}¨ul$ubAquqnp_5b}5?bAq«mu¸´:±
½ ¯m !$#$#¢ lªuaHu¥x}ttpb)lvr5¥nYuxllª_5{%¶qu¥q 9 L;Eµ:¶u¥nv_Ènv_5bHlªnvtp{q5XbAtlplªr5aHmnpu¥{Xq¾nv_«%n
f0
ul£uq
C2(Ω)
±
½ ¯m !$#D# ^	_5bÆ_5{ux+b{}¨1rlvuq5np_5uxl(npu¥aHb¾lv5¥u¥nªnpu¥q lp_5bAaHbulaH{Xlªnvj aH{}nvu%%npb)¯¬kj u¥npl
lvua¥ux+u¥noj / }q«¾u¸nlYXAAr5tpX+jl$¶bA 0± 4§nlª_{r5xÆ¬«b3bAaH5_Xlªu°Ab]:µ?_5{%b)¶b)t)µnv_}n1nv_b3}mnpu¥XblvX+bÆmulp+tpb+npu¥°]%npu¥{Xq·lp_5bAaHbnv_}nH¶bq5b+´knQmb)lp+tpu¬«b¾AqK¬?b¾}55ub)Knv{.{}np_5bAtnojk«b]lH{}¨$npu¥aHb
5ulp+tpb+npu¥°]%nvu{q«lA± Ä {Xtb+´5}aH5bµm{Xq5b+{Xr5+{Xqlvumb)tHr5q5uxwXrbYnptpqlv«{Xtªn{?bAt%np{t	{}¨nv_5b¨©{Xtva
T : g → g ◦ F(g)−1
¶_u_Æ+{Xa(¬5uq5b)lnp_5b5b)+nvu{qu¥qnv_b
x
}q
v
%}tpux}¬5b)l)±
  "' Æ# 	A,K*0"$# 
Yrt}mnpu¥Xblp_5bAaHbz¬XlªuxA¥j+{q«lªuxlonl0{¨mnv_5tpbAb¦0t}q5Xb+¤§yztv{|ob)+nvu{qlonpbAl¶_5ux_tvb]lª?b)+nvub)¥j
¨©{X¥{%¶np_5b(np_5tpbAb!mXb)+nvu{qlªnvb)l{}¨znp_5bnvuaHbHlv5u¸nvnvuq5± Ä {Xt£b]_È{}¨znp_5bAaÆµ:np_5bHab]lª_
Mni
{Xq
¶_u_Ænp_5buqXnpbAtpaHb)mux%npb(lª{X¥r5nvu{q
fni
ul ² q{%¶quxlº«tplªn3Nonvt}qlv«{Xtªnpb)Ou¥qZnp{Hq5bA¶ {Xq5b
Mni+1
µ?uq
lvr_(¶Cj3nv_«%nmb+npbAtpauq5uq5
fni+1 := PMni+1Tif
n
i
}aH{rqXnlznp{np_5b£A{aH5rmn%npu¥{XqQ{}¨
Tif
n
i
%nnv_5b
q{k5b)l	{}¨
Mni+1
± blv_}:q5{%¶Glv?b)+u¥¨©jQnp_5btpr5¥b]l¨©{t$mb]lªuqu¥q53nv_b)lvb5mnvubaHb)lv_5b)l)±
ë©áß9ëÚï
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YrtMlª«+b$5ulp+tpb+npu¥°]%nvu{qHuxlz¬Xlªb]{q!_5ubAt}t_5uxA}kº«q5u¸npb$bAbAaHb)qXnlA±   6?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 	'+* ¶b$¶u¥
A{qlvuxmbAtÆtªnpuAr5x}t+xlpl{}¨}mnpu¥XbHnvtpuq5r5x%npu¥{Xql£nv_«%n(}tpb!lplª{mAu}nvb)nv{ 	' (
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_u_ Aq }xlª{Æ¬?bQlªb)bAq lÆ«}tvnvux+r5x}tAXlªb!{¨np_5bQlv{A}b) NoqbA¶b)lªn
XbAtvnvbA´¬ulvb)+nvu{qROMaHb+np_5{m35b)lp+tpu¥¬?b)(u¥q>9 ; / ¶btpb+¨©bAtnv{E9]1;5{Xt 9 H;k¨©{XtaH{Xtvbu¥qm¨©{Xtva!}nvu{ql}¬?{rmn_u¥b)tptp_5uxA«¬«lvb)l0±
HÃ 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	 ½ Ã ¿ ÃÏ Ã0% Ù5 Â I# ¦0b+nMrlMºtlonmbAq5{nvb$¬kj
Q`
nv_5bYr5q5u¥¨©{tpa wZrXmtpq5r5¤
x%npu¥{Xqa!Xmb{}¨S}9mjXXmuµ5lvwZrtvb+b)¥xl{¨tpb)lv{rmnvu{q¥b)bA
` ∈ N
Q` :=
{
[j 2−`, (j + 1)2−`] × [k 2−`, (k + 1)2−`] : j, k ∈ Z
}
qÆ¬kj
Q := ∪`Q`
nv_5b3lªbAn1{}¨z}5jX5uwZrXmtpq5b)l)±Q2$bAtpbq5{QbAXbAul$lvr55?{Xlvb)np{Q¬?b({%¶b)t
np_}q.5tvb]lvAtvu¬?b)
`0 > 0
µ0q¶bHlª_¥zA{qlvuxmbAt£nv_«%n
Q` := ∅
¨©{tqkj
` < `0
± Èb!{X¬lªb)tvXb
np_5bAqQnv_}nznv_5b£+b)¥xlMtvb$b)a(¬?b)55b):µklª{nv_}nb)X_
Q`
A}q!¬?bYlvbAb)qQltvbAºq5b)ab)qZnM{}¨Onv_bYlvaH¥bAt
lvb+n
Q`−1
µ?}q¶b{¬mn}uq¾!wXr«knptvb)blªnvtpr+nvr5tpb¬kjmbAºq5uq5H¨©{t1qkjub)q
α ∈ Q
{¨bAXbA
`(α)u¥npl *  	' +b)¥xl$Xl
C(α) :=
{
β ∈ Q`(α)+1 : β ⊂ α
}
,
q!u¥npltvb)qXn	+b)¥Ol
β ∈ Q`(α)−1
lvr_!np_%n
α ⊂ β
±Èb}xlv{(mb+º«q5b1np_5b 
!H 	 +b)¥xlM{¨
α
l
A(α) :=
{
β ∈
⋃
`<`(α)
Q` : β ⊃ α
}
.
 b¶u¥:np_5bAq¾)}
Λ ⊂ Q
 ! !H 
  	' u¸¨u¥n1lv}nvuxloºb]l
Q`0 ⊂ Λ and
⋃
β∈A(α)
C(β) ⊂ Λ for any α ∈ Λ.
^	_ulQlvb)A{q·5tp{?bAtvnvub)lHuaH5¥ub)lnp_%nq5{ +bA${¨
Λ
uxl!tªnpu¥j¯tpb+ºq5b]:µ	lª{ nv_«%n}qkj
α ∈ Λlp%npulªºb]l
C(α) ∩ Λ = ∅
{t
C(α) ⊂ Λ
± ¢ lH+{Xqlvb)wZr5bAq«+bµk¶b{¬lvbAtpb1nv_}nnv_5b  
! {}¨
Λ
µknp_%n
uxlnv_blªbAn
L(Λ) := { α ∈ Λ : C(α) ∩ Λ = ∅ },
¨©{Xtva!l$Q}tvnvu¥nvu{qÆ{}¨Snp_5b5_«lvblªX+b / b+´5+b)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Mt
+{qZn}uq5b)¾uq
α
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π(g, M) := sup
α∈M
2−2`(α)|g|W 1,∞(α). / - ± - 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ε > 0
µ9¶btvb
uqZnvb)tvb]lonpb)u¥q¾+{Xqlªnvtprnpu¥q5HHaHb)lv_
Aε(g)
µknv_5blva!}¥b]lon1Xl«{Zlvlvu¥¬¥bXµlªr«_np_%n
µ(g, Aε(g)) + ∆t π(g, Aε(g)) ≤ ε. / - ± - 10
hmu¥qAb£nv_5uxluxl$_5ubAXb)¬Zjl ² uq5nv_«%n
ν(g, α) := curv(g, α) + ∆t 2−2`(α)|g|W 1,∞(α) ≤ ε/2 / - ± - 0
_{x5l9¨©{Xtqkj
α ∈ Aε(g)
µ}$q}nvr5t}klª{X¥r5nvu{q(A{qlvulªnpl{}¨5?bAtv¨©{tpaHu¥qY}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¨©tp{a np_5btv{k{nwZr5tpq5r5x%npu¥{Xq
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α
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Ãε
±
hmu¥qAb
Aε(g)
q
M
m{Hq5{}n$mu¥»?b)tb)tvjHa(r«_uqtpXnvux+bXµm3aH{Xtvb£bQ+ubAqZn}{Xtvu¥nv_5a / jku¥b)muq5np_5blvaHbYaHb)lv_ 0+{Xqlªuxlªnpl{}¨}55jku¥qnv_b¬«{%XbYtpb+º«q5bAaHbAqZn	5tp{kAb)lplMq{}n{q
Q`0
¬rmntp}nv_5b)t{Xq
quqXnpbAtpaHb)mux%npb3aHb)lv_
M̃
+{q«lonptvr+nvb]¾¬kjmbAtpb+ºqu¥q5
M
u¥qnv_5b3¨©{{%¶u¥q5¶Cj 7$lªnptªnpu¥q5¨©tv{Xa
np_5ba!%´mua(r5a³bAXbA
`(M)
{¨
M
µm¶blªbAn
Λa`(M) := M
}q«¨©{Xt$}qkj
` ≤ `(M)
µm¥bAn
Λa`−1 := Λ
a
` \ { α ∈ C(β) : `(α) = `, C(β) ⊂ L(Λ
a
` ) and ν(g, β) ≤ ε/2 }
rnp{
M̃ := Λa`0
±3^	_ul¥X{tpu¸np_5a/+b)}tpjXr}t}qZnpbAb)l / - ± - 60£}q !'*+    76G! R! :	'K*+E	' P    K*+"	'H! P @#,H!'*+
! / lªb)b}t}Xtp5_ - ±Ñ}q   L0±
½   )C   Â ]# F£u¥XbAqqmXb)npu¥{XqÆºbAx
F
µ«¶b(q5{%¶=ub3Qlonptp}nvb)jQ¨©{Xt3Nonvt}qlv?{tvnvuq5O
qkj!ab]lª_
M
u¥qZnv{!3q5bA¶={qbµ5mb)q5{}npb)
T(M,F)
µ5{Xq¶_5ux_  6? EB!, @	'  *	H	'	
	H! P  	'#  *E  
	 (  
g ◦ F−1
* B!!1 B!
g
 ! 76? / ¨©{t£Q5tpb)Aulvb(lªnp}nvbAaHb)qXn{¨	nv_5uxl(uaH«{Xtªn}qZn(5tp{?bAtvnojµ¶bQtpb+¨©bAt(nv{A{tp{tvj± }q.bAaHa!¾«±¥ - 0±Èhknvtpu+nvj.lv?b) ² uq5µ
T(·,F)
 !:   nptpqlv«{XtªnQ{X«b)tp}nv{t]µlvuq+b¾np_5bq5b)¶ ab]lª_b)lQ¥¶	CjmlH¬«b)¥{Xq5.nv{.np_5b+xlpl!{¨
XtpXmb)mjXXmuxYwZrXmtpq5r}nvu{ql)µX¬rmnu¸n  1! P 3nvt}qlv«{Xtªn	{?bAt%np{t]±^	_b£aHbAnv_5{mu¥q«mbAb]
A{qlvuxlonl{}¨	¥{k{ ² uq5¬ ² ¶	}t5l%nnv_b!¥{mAStvb]lª{X¥r5nvu{q {}¨
M
7¨©{t}qkjAbA
α ∈ Q
µ0¶b!b+nu¥npl
 6 	'  B   
M
¬?bnv_5buqZnvb)bAt
`∗(M,F , α) := max{`(β) : β ∈ M, F−1(cα) ∈ β̄} ≤ `(M), / - ± -- 0
ë©áß9ëÚï
 
	 "!# $%&	'()!
*+#, C
¶_bAtpb
cα = (xα, vα)
uxlnp_5b+b)qZnvbAt{¨
α
±>21bAtpb
β̄
mbAq{}nvb]l£nv_5b+{Xlvr5tvbH{¨np_5bQ+b)¥
β
±hkbAnªnpu¥q5
np_5bAq
Λt`0 := Q`0
µ¶b5tp{kAbAb]¾l	¨©{Xt
Aε
¬Zju¥nvbAt%npu¥Xblª¥u¥nªnpu¥q5}q{¬5np}uq
Λt`+1
¬kjtvbAºq5uq5!uq
Λt`
b)X_AbA:¶_5{Xlvb¬ ² ¶	}tQbAb):ul	x}tpb)tnv_qu¥npl{%¶qbAb)Ï±G4êqÆ{}np_5bAt	npbAtpa!lAµm¶b¥bAn
Λt`+1 := Λ
t
` ∪ { β ∈ C(α) : α ∈ Λ
t
`, `
∗(M,F , α) > `(α) }.
^	_uluxlm{Xq5br5nv{Hnp_5b_5u_5b]lon$bAXbA
`(M)
{¨
M
µ5q¶b£ºq¥jb+n
T(M,F)
¬«bnp_5blªa!¥b)lªn
XtpXmb)Htpb+º«q5bAaHbAqZn{}¨9np_5bYq{qQXtpXmb)
T̃(M,F) := L(Λt`(M))
± ¢ quqZnvbAtpb)lªnvuq5tv{X«b)tªnoj / lªnp}nvb]uq bAaHa!¾±]0ulnv_}n(¨©{tnv_5bmXb)npu¥{Xq ºbAx5lr«lªb].u¥q¯{Xr5t(lp_5bAaHbXµ0np_5b)}tmu¥q«}u¸noj{¨nv_5b
tpb)lvr5¥nvuq5HaHb)lv_
T(M,F)
ul	{¨np_5blvaHb£{Xtp5bAtlnp_%n{}¨
M
±
      
=   <		  		  
='<	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 b(tvbq5{%¶ }¬5bnv{!¶tpu¥nvbnv_b5tpb)+uxlvb¨©{tpa&{}¨nv_bqkr5aHbAtpu)}0lp_5bAaHb / r5Ænv{Qlv{aHbmbAºq5u¥nvu{qlnp_%nQtvblon%nvb]¯¬?bA{%¶=0±hku¥q«+bbAb)tvj uqZnvb)tvaHb)5u}nvbqZrab)tvuxAlv{rmnpu¥{Xq
fni
¬?bA{q5Zl3nv{ lª{XaHb
º«q5u¸npbbAbAaHbAqZn1lvAb
VMni
µknv_5btpb)XmbAtlv_5{r¬«bC¶	}tpb$np_%n$H+{Xa¥bAnvbqkr5aHbAtpu)}:lª{X¥r5nvu{qul
£u¥t{¨«np_5b	¨©{tpa
(Mn, fn)
µXq(nv_5b$X5}mnpu¥Xb	qZrab)tvuxAmlv_5b)aHbuxltpbA5tpb)lvbAqZnvb]¬kj(£a!}5u¥q5
S∆t,ε : (M
n, fn) → (Mn+1, fn+1).
Ä {tnv_5blp ² b1{}¨0lvu¥aH5uAu¸noj!¶bYlv_¥?¶tvu¥nvbYu¥qnv_5blvb)wZr5bA
fn+1 = S∆t,εf
n µ ² b)bA5uq5(uqaHuq!np_%n
np_5blp_5bAaHb+nvr¥jQ{?bAt%npb)l{qnv_b+{r5¥b
(Mn, fn)
±
  ½  ÙÏ   m  Â  ) ½ ;# d1lvu¥q5Ènv_bÆX5}5nvu{qK¥X{tpu¸np_5a
Aε
µM¶_5ux_A}q·¬«bÆkubA¶b)KXl3
#  	'H!!H( 	H K*R# µ?¶bmbAºq5bnv_bºtplªn$lª{X¥r5nvu{q}ut
(M0, f0)
Xl
M0 := Aε(f0) and f
0 := PM0f0. / - ± - R0
 blv_}9mbAq{}nvb£¨©{Xt	nv_5blvb)wZr5b)
S
0
ε : g → PAε(g)g
±
  ½  Â 0A ½ H5Ã  
	 ½ ]   ½  ½ #'Ä {t$qZjHnpu¥aHblªnvb)
n ≥ 1
µm¶bb+nnp_5bAq
Mn1 := T(M
n,Fx) and f
n
1 := PMn1 Txf
n / - ± - }0
Mn2 := T(M
n
1 ,F
n
v ) and f
n
2 := PMn2 Tn+1T
n
v f
n
1 / - ± - %¬0
Mn3 := Aε(f
n
2 ) and f
n
3 := PMn3 f
n
2 / - ± - }10
Mn+1 := T(Mn3 ,Fx) and f
n+1 := PMn+1Txf
n
3 / - ± - } 0
¶_bAtpb
Fx
q
Tx
}tpb3mbAºq5b]uqÈlvb)npu¥{XqÈm± - µ
Fnv
uxlYqÈ}5tv{C´mua!%nvu{qÆ{¨znv_5bH5b)+nvu{q¾º«bAx
Fv(fn1 )
{¨ / m±Ñ0¶_5ux_uxl	mb+ºqb)¬«b)¥{%¶µ T nv ulnv_b£Xlvlv{m+ux%nvb]Hnvt}q«lª?{tvn{X«b)tp}nv{t]µk}q Tn+1uxlHlª{¨Únnvtpr5q)%nvu{quqnp_5b
v
¤§mutpb)npu¥{Xq¶_u_ul1}xlª{Hmb+º«q5b)¬?bA{%¶±
hkraaHuq5!r59µ¶b_CXb
fn+1 = S∆t,εf
n = PMn+1TxPMn3 PMn2 Tn+1T
n
v PMn1 Txf
n = (S∆t,ε)
n+1
S
0
εf0.
ßß ÛTää]ñªå
1L   	H   #=+!3     (*   * 	'

		
  ½  ½  Ù   ½  ½  A Ù   ½ ÏÃ
En
Ã   ½ 5Ã 	 ½  } Â   ½ ÙÃ
Fnv
# $%np_5bAt£nv_«}qÈlªnvtpuxnvj
¨©{X¥{%¶uq5Ænv_5bnvuaHblv5u¸nvnvuq5Èlp_5bAaHb / m±ÑL0+µS¶_5ux_ ¶{Xr5K}aH{r5qZn(uq np_5b55u)%nvu{q {¨ Tx µ
Tv(f
n
1 )
qXu¥q
Tx
µ:¶bHlv¥u_Znvj¾aH{mmu¸¨©j
Fv(f
n
1 )
uqZnv{
Fnv
µ}qÈ}55j
T nv : g → g ◦ (F
n
v )
−1
uqlªnvb]!{¨
Tv(fn1 )
±z^	_5uluxl5r5b1np{(no¶{35u¸»ObAtpbAqZn	tvb]lv{ql679np_5b1º«tplªn{Xq5bYuxlnv_}nnp_5bY¨©{tvnv_A{aHu¥q
b)tvtp{t}q«}jklvuxlYuxl¬Xlªb]{XqÈb]lonpu¥a!%npu¥{Xql{}¨¥{m)}S+r5tp%%npr5tvbHaHb)Xlªrtvb]l1np_%ntvbHb)lªnp¬5ulv_5b)¨©{t
 ( 6? !,   (+! µq
Ẽ(g)
¬«b)u¥q!q5{}n$5ub)AbA¶uxlªb !q5b / bAXbAqÆu¥¨ g uxl0+µ5np_5blplª{mAu}nvb)nptpqlv«{Xtªn{?bAt%np{t
Tv(g)
m{kb)lq5{nz5tvb]lªb)tvXbMnp_5b5ub)AbA¶uxlªb !q5blªnvtprnpr5tpb±^	_5b$lªb]+{Xq(tpb)Xlª{Xq
ub)lu¥q!np_5b1x ² {}¨0A{qlvbAtp%%npu¥ku¥noj({}¨:np_5bYlp_5b)abXµX¶_u_5bAtpu¥Xb)lS¨©tp{a nv_bYx ² {}¨0A{qlvbAtp%%nvuku¸noj
{¨5nv_b
P1
uqZnvb)tv?{x%npu¥{XqlA±hkuq+b ∫∫
fn1
a!Cjmu¥»?b)t¨©tp{a ∫∫
f0
µCnp_5b+{q«mu¸npu¥{Xq / 5± D 09_«lq5{£tvb]lv{qnp{(¬?b1¨©r¸ºb)¬Zj
fn1
µk¶_5ux_a! ² b)l
Ẽ(fn1 )
q5{q«b)tvu{mmuµml¶b)¥Ol
Fv(fn1 )
± ¢ l	(+{Xqlvb)wZr5bAq«+bµ
¶b£ºtlon$+{Xtvtpb)+n
Ẽ(fn1 )
uqXnp{Hnv_5b¦0u¥«lv_5u¥nv°HA¤E?bAtpu¥{mmux£bAb)+nvtpuYºb)
Ẽn
¬kjlªbAnªnpu¥q5
Ẽn(x) = Ẽ(fn1 )({x}) + {x}[Ẽ(f
n
1 )(0) − Ẽ(f
n
1 )(1)] / - ± - L0
¶_bAtpb
{x}
ul1nv_5b 	'( +	H {¨
x
µO}qÆnp_5bAq¥bAn
En
¬?bnp_5b(u¥b]+bA¶uxlvb( !q5b3u¥qZnvb)tv?{x%npu¥{Xq
{¨
Ẽn
{q
Γn := Nx(M
n
1 ), / - ± - 80¶_bAtpbYnp_5blvb+n
Nx(M) :=
⋃
α∈M
∂(αx) / - ± -D 0
uxl	q5{nv_5uq5H¬5rmnnp_5b5tp{}|ob)+nvu{q{qnv_5b
x
}´kuxl	{}¨nv_b£q{k5b)l{¨ub)qaHb)lv_
M
±z^	_5bmXb)npu¥{Xq
º«bAx
Fnv
uxl	np_5bAq¾mbAºq5b)¬kj
Fnv : (x, v) → (x, v + ∆tE
n(x)),
¶_u_Ælª_{r5x¬«blvbAb)qXlA{tptvb]npu¥{Xq{}¨
Fv(fn1 ) : (x, v) → (x, v + ∆tẼ(f
n
1 )(x)).
½ ¯m  #  #¢ 55jZuq5
T nv / {t Fnv 0YaH{r5qZnpl1nv{Æ+{XaH5rmnvuq5 {Ẽn(xi)}xi∈Γn ± ¢ AA{tmu¥qQnv{/ - ± - L0+µ / 5±  - 0	}q¶tpu¸npu¥q ρn1 = ∫ fn1 dv − 1 µmnp_5ul	uxlb]wXru¥%}bAqZn	nv{Q5b+nvb)tvaHuq5uq5nv_5b%}r5b]l
Ẽ(fn1 )(xi) =
∫ 1
0
K(xi, y)ρ
n
1 (y) dy =
∫ 1
0
yρn1 (y) dy −
∫ 1
xi
ρn1 (y) dy, / - ± - 0
¶_bAtpb$nv_b£lvb)A{qb)wZr}u¥nojHA{aHb)lM¨©tp{a / 5±¥X60+±Sc1{%¶Ç¬«b]A}r«lªb}qkjHb)tªnpb+´!{}¨0qZjQ !q5b15ub)AbY{¨
fn1
ul{¨np_5b	¨©{tpa
(xi, v)
¶u¥nv_
xi ∈ Γ
n µ£¥u¥nªnp¥b$¥XbA¬5t£lª_5{%¶$lnp_%n ρn1
uxlzwZrmt%npu¬?b+no¶bAbAq3no¶{
q{k5b)lY{}¨
Γn
±e{tpbA{%b)t)µ¶bHlªb)bnp_%nu¸nl+{aH5r5np%npu¥{Xq}+{Zlon£ul£{qnv_5b{tmbAtY{}¨
#(Mn1 )
µ9}q«
lvuq+b
#(Γn) ≤ #(Mn1 )
µu¥n¨©{X¥{%¶$l£¨©tv{Xa / - ± - 0£np_%n(55jku¥q5 T nv X_5u¥b)b]l¾+{aH5r5np%npu¥{Xq}A{Xlªn{}¨{Xtp5bAt
#(Mn1 )
±
½ ¯m  #  # 4êq¨Ùn]µ¶b¶u¥q5bAb]¾u¥qÆnp_5b(lvb)wZr5b) / lvbAb(¥b)aa!!«±¥ - 0np_%nYnv_5b NªuqXnpbAtpaHb)mux%npbHOº«bAx
Ẽn
uxluq
W 2,∞
±$}nv_5b)tlªrtv5tpuqlªuq5X¥jXµ:nv_5uxluxl}xlv{b)qlvr5tvb]¬kj / - ± - L0± ¢ la!%nªnpbAt{¨¨ÙXn]µ5¶b_CXb
(Ẽn)′(0+) − (Ẽn)′(0−) = Ẽ(fn1 )
′(0+) − Ẽ(fn1 )
′(0−) =
∫ 1
0
fn1 (0, v) − f
n
1 (1, v) dv = 0
lvuq+b
fn1
ul)µm¬kj+{Xqlonptvr«nvu{q0µ:+¤§«b)tvu{mmu£uq
x
±
ë©áß9ëÚï
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v
#  bb)qnv_ulÆlvb)npu¥{Xq ¬kj 5ulp+rlplvu¥q5Knv_5bÈulplvr5b{¨(+{qZnptv{X¥u¥q nv_5b
lvr55?{tvn{}¨nv_5bqkr5aHb)tvuxAOlv{rmnpu¥{Xql	u¥qnp_5b
v
mutvb]npu¥{Xq9µknv_}n$ulwZrqZnvu¥noj
Σv(f
n) := sup{|v| : ∃x, fn(x, v) > 0}. / - ± Z0
4êq lªb]npu¥{Xq m±ÑkµOnp_5b!wXr«}qZnvu¥noj
Q(t)
¶XlY5b+ºq5b]¾np{¬?{r5q«np_5blvr55?{tvn{}¨Mnp_5bb+´5+nlv{rmnvu{q«lAµ
q!u¥n_XlM¬?bAb)qlv_5{%¶q!nv_«%n
Q(tn) ≤ Q(0)+2tn
±G<rmnnvr5tpq5uq5np{
fn
µk¶b${¬lvbAtpb$nv_}n
Σv(f
n))}q¾Xtv{%¶ ¬kj+{Z}tlªbaHb)lv_lªnvb)
2−`0
}nYb]_¾uqXnpbAtp«{X}nvu{qlªnvb)9µ:lª{!np_%nYnv_5b)tvb3ulYq5{tvb]lv{q
¨©{Xt
Σv(f
n)
np{(¬?bY¬?{r5q«mb)!uqmb)«b)qmb)qXnp¥j!{¨:nv_5bYnvuaHb£lªnvb)
∆t
±zc$b)bAtvnv_bAb)lplAµZ}qQ5tpu{tpu«¬?{r5q«
uxl$tpb)wZr5utpb)Æuq¾{tmbAtnp{b]lonpu¥a!%npbnv_b(qkr5aHbAtpu)}9b)¥b]nptvuxºb)
En / }«}tvn¨©tv{Xa&np_5b¨ÙXn1np_%n£u¸nlv{5tp{%Zuxmb]lza!%´mu¥a!lªu°Ab{¨Onv_5b1A{aH5rmn%npu¥{Xq}5aHb]lª_ 0zlSu¥nM¶u¥?}5?b)tz¬«b)¥{%¶±^{tvb)ab]mj
np_5uxl5tp{¬5bAaÆµm¶b£b+n
Qn := Q(0) + 2n∆t
}q«Qnp_5bAq
Q̂n := 2
−`0(d2`0Qne + 1) ≥ Qn + 2
−`0 / - ± B0
¬?bÈnv_5b ¥{%¶b)lªna3r5¥nvu5¥b {}¨
2−`0
x}tpb)tQnv_«}q
Qn + 2
−`0
± 4êq6tªnpuAr5x}t]µu¸nlp%nvuxlªºb)l
Q̂n ≤
Qn + 2 · 2−`0 / nv_5btpb)Xlª{Xqlz¨©{Xt$_5{k{Xlvu¥qlvr_ Q̂n ¶u¥9}«b]}t	}nvb)t{q9µ5lvbAbuqtªnpuAr5x}tnv_5btpbAa!t ² l¬«b)¥{%¶=0+±S^	_5blª{¨Ún	nvtpr5qA}nvu{q{?bAt%np{t
Tn
ulnp_5bAq¾mbAºq5b]Xl
Tng(x, v) =







0 if |v| > Q̂n + 2−`0
g(x,−Q̂n)(Q̂n + 2−`0 + v)2`0 if − Q̂n − 2−`0 ≤ v < −Q̂n
g(x, v) if − Q̂n ≤ v ≤ Q̂n
g(x, Q̂n)(Q̂n + 2
−`0 − v)2`0 if Q̂n < v ≤ Q̂n + 2−`0
/ - ± Z0
dYlªuq5nv_5uxlH{?bAt%np{t]µ¶blv_¥	b)lªnp¬5ulv_¯uq   ¾nv_}nQ}qkj.qZrab)tvuxAlv{rmnpu¥{Xq¯_l3u¥nplHlªr5«{Xtªn
¬?{rqmb)¬kj
Σ̃v := Q(0) + 2T + 7 · 2
−`0 ≤ Σv(f0) + 2T + 7. / - ±  - 0
½ ¯m  #$# hmu¥qAb
Qn ≥ Q(t
n)
µ1u¥nuxltvb]mu¥jlvbAbAq nv_}n
f(tn)
%}q5uxlv_5b)l{rmnlªuxmb
Ωn :=
R× [−Qn, Qn]
q!{Xrmnplvu5b
Ω̂n := R× [−Q̂n, Q̂n]
l¶b)¥Eµklªuq+b
Ωn ⊂ Ω̂n
¨©{{%¶$lS¨©tp{a / - ± «60±
½ ¯m  #D#
Q̂n
¬?bAuq5£a(r¸npu¥5b{}¨
2−`0
ua¥ub)lnp_%nzqZj3mjXXmu	wZrXmtpq5rtAbA / {}¨:}qkjaHb]lª_
M
0	uxlbAu¥nv_bAt$uq
Ω̂n
{t$uq
(Ω̂n)
c
±^	_ulY}xlª{H_5{X5l¨©{tnp_5bnvtpux}q5X¥b]l	{}¨
Mt
µ«qnv_5b)tvbA¨©{tpb
qkj+{XqXnpu¥qkr5{Xrl
g
lv}nvuxloº«b)lnv_b¥{mA¥u°Ab]a!}´kua(ra³5tpu¥qAu¥¥b]l
‖PMg‖L∞(Ω̂n) ≤ ‖g‖L∞(Ω̂n) and ‖PMg‖L∞((Ω̂n)c) ≤ ‖g‖L∞((Ω̂n)c). /
- ± R0
e{tpbA{%b)t)µZ¶b£_«CbY¨©{t$}qkj
n
µ
M
}q«
g
(PMg)|Ω̂n = PM (g|Ω̂n), (Txg)|Ω̂n = Tx(g|Ω̂n) and (Tng)|Ω̂n = g|Ω̂n . /
- ± Z0
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f0 ∈ W 1,∞(Ω)∩W 2,1(Ω)
#,
!=K*+=* + *H!H !  K*+	'#
G 2 ,7* K*+ 
	=  . R #  T = N∆t 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 C = C(T, f0) 
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fN := (S∆t,ε)
N
S
0
εf0
! !/. 
!
‖f(T )− fN‖L∞ ≤ C (∆t
2 + ε/∆t) / - ± L0
 	'1(
ε

∆t
	H 
ε1/2 ≤ ∆t ≤ [8(Σ̃v‖f0‖L∞ + 1)]
−1, / - ± R80
6? K*
Σ̃v
1. ,  / - ±  - 0 2
½ ¯m  #D# ^	_5b1¬«{%XbA{q5u¸npu¥{Xq
ε ≤ ∆t2
)}qH¬«btpbAX+b)¬kj
ε ≤ C∆t2
¨©{Xtzlª{Xab$A{qlªnpqZn
C
±?4êq¾X5mu¥nvu{q9µm¶b{¬lvbAtpbYnv_}n$¬}x}q«+uq5 / - ± L0ub)l ε = ∆t3 }q«
‖f(T )− fN‖L∞ ≤ C(T ) ∆t
2 = C(T ) ε2/3.
¢ laHbAqZnvu{q5qb) u¥q np_5b!u¥qZnptv{mmr+nvu{q9µ9nv_5b!5tp{k{}¨{}¨nv_5b){tpbAa - ± 8uxl¬lvb) {q.mb]+{aH?{Xlvu¥q
np_5bqkr5aHbAtpu)}ObAtptp{t	u¥qZnp{
f(tn+1) −fn+1 = [f(tn+1) − S∆tf(t
n)] + (S∆t − S∆t,ε)f
n + [S∆tf(t
n) − S∆tf
n]
¢ }tvnz¨©tp{a nv_5b1ºtlonznpbAtpa ¶_u_QuxlSnp_5b$npu¥aHb£mulp+tpb+npu¥°]%npu¥{Xqb)tvtp{tSb]lonpu¥a!}nvb)Qu¥qQbAaHa!(5± 5µk}q«
np_5bnv_u¥tnvbAtpa&¶_u_a(rlªn$¬?bnvtpb)%npb)ÆAtvbA¨©r5¥jlvuq+b
S∆t
ul$q5{Xq5u¥q5b]}t	nptpqlª?{tvn{?bAt%np{t]µ
¶b	lªb)bMnp_%nnv_5b	b)tvtp{t}q¥jmlvultvb)¥ub)l{Xqnv_b	lªnvr«mj{}¨«nv_5bbAtptv{Xt0npbAtpa
‖(S∆t−S∆t,ε)fn‖L∞
±^	_ul
npbAtpa³AqQ¬«blvbAbAql ! !
	'1( 	H	'	 np_%nmb]+{aH?{Xlvb)lu¥qZnp{nv_b1¨©{Xr5t	u¥qZnvb)tv?{x%npu¥{Xq
b)tvtp{tl+{Xtvtpb)lv«{Xqmuq5nv{Ænv_b!¨©{r5tlªnvb)l{¨np_5bQlp_5bAaHbµq}aHb)¥j
‖(I − PMn
1
)Txfn‖L∞
µ
‖(I −
PMn
2
)T nv f
n
1 ‖L∞
µ
‖(I − PMn
3
)fn2 ‖L∞
}q
‖(I − PMn+1)T
n
v f
n
3 ‖L∞
±·hkb)+nvu{q·uxl!mbAX{}nvb].nv{
º«qmuq5!H5tvu{tpuOb)lªnvua!%nvb]l¨©{t	np_5b)lvbu¥qZnpbAtp«{X}nvu{qb)tvtp{tl)±
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¢ l a!}nªnvb)tQ{}¨¨ÙXn)µ	np_5bÈ¬«{%Xbnv_5b){tpbAa ulq5{}nA{aH5b+npbAj lp%npulª¨Ù+nv{tpjKlvu¥q«+bu¥nm{kb)lq5{}n
tv{%kuxmb1}qkjb)lªnvua!%nvbY{}¨9np_5bYA{aH5rmn%npu¥{Xq}O+{ZlonM{¨9nv_bYlp_5bAaHbµmqHnv_bAtpb+¨©{tpb¨Ùu¥xlMuqtv{%kuq5
tpb)Z}uq{¨:bQ+ubAqAj3{¨Onv_5b1X5}5nvubaHb+np_5{mQ+{Xa«}tpb)3nv{np_5b$r5qu¸¨©{Xtva {q5bX±&4êq¬«{nv_QAXlªb]lAµ
np_5b(A{aH5b+´mu¸nojulYlª_{%¶qnp{Q¬?b{}¨nv_b(lvaHb{tmbAtnp_}qÆnp_5b()}tmu¥q«}u¸noj{}¨nv_5b3+{aH5r5np%npu¥{Xq}
aHb]lª_5b]lA±e¾{Xtvb5tpb)AulvbAjµXmbAq5{nvuq5¬kj
N
nv_b$a!%´mu¥a!Atpmuq¥u¥noj{}¨9¥mnp_5b1aHb]lª_5b]lSrlvb)HuqHnv_5b
lp_5b)abXµZnv_5b+{XaH5¥bA´mu¸noj!{¨0{q5b£npu¥aHblonpbAul	{¨0{tmbAt
N
uqnp_5br5q5u¥¨©{tpa³AXlªbXµkqXAA{tmu¥qnv{
np_5bmb]lvAtvumnvu{qÆ{¨np_5baHb)lv_Æ{?bAt%nvu{q«l
Aε
µ
T
µqnv_5btpbAa!t ² - ± - ¬«{Xrmnnv_5b3+{aH5r5np%npu¥{Xq}
A{Xlªn{¨
En
µmu¥nul{}¨{tmbAt
N log N
uqnp_5b5mnvubY{q5bX±S^	_5bYq«%nvrtpOwZr5b]lonpu¥{Xquxlnv_krl67 6
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N
 MK*+
L∞
	H	'	
4êq 9 L;§µ+<b]lvlvblª_5{%¶$lnp_%n	nv_b
L∞
b)tvtp{t
eu
u¥q«mr+b]¬ZjQnv_5br5q5u¥¨©{tpa&lp_5bAaHbmb]ACjmlMu ² b
h4/3 =
∆t2
µ
h
¬«b)u¥qHnv_5br5qu¸¨©{Xtva&lvX+blonpbA9±?4êqnp_5ul1Alvb
N ∼ h−2
}q«¶b£nv_5b)tvbA¨©{tpb£{X¬mnpu¥q
eu ≤ C N
−2/3. / - ±  D 0
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¢ )+{Xtpmuq51nv{£tvb)aHt ² - ± D µ%¶b	lªb)bMnp_%nnv_b
L∞
bAtptp{t
ea
uqmr«+b)3¬kj{r5t}mnpu¥Xblp_5bAaHb	mb))Cjkl
u ² b
ε2/3 = ∆t2
µ5}q¶b£tvb£¥bA¨Únnv{Hr5q5bAtlon}qQnv_5bA{tptvb)}nvu{qQ¬?b+no¶bAb)qnp_5b}t}aHb+npbAt
ε
}q«
np_5b!a!%´mua(r5a'A}tmuq}u¥noj
N
{}¨nv_b5mnvubHaHb)lv_5b]lA±Q^	_5uxlA{tptvb)}nvu{qÈ)}q ¬«b_5bAr5tpuxlonpu)}¥j
5b)lp+tpu¥¬?b)Æl$¨©{¥{%¶$l67Muxmb]}¥jXµ5nv_b(5mnvublv5u¸nvnvuq5lªnvt%npbAj
Aε(g)
}ua!l$%nY¬5r5umuq5Qab]lª_
lvr_nv_«%nnv_bnv{}n}0Ar5tpC}nvr5tpb{qÆb)X_nptvux}qb
K
{¨np_5b(X5}mnpu¥Xb£nvtpuq5r5x%npu¥{XquxlbA´mXnp¥jQ{¨
np_5b{Xtpmb)t
ε
uq¾{tmbAt	np{Q+{XqXnptv{XOnv_5b(u¥qZnvb)tv?{x%npu¥{XqÆbAtptv{XtuqÆnv_b
L∞
q5{tpaÆ±  buqmbAb]Æ¥{k{ ² ¨©{t
np_5blvaH¥b)lªn«{Zlvlvu¬5¥baHb)lv_¾lªr«_np_%n
‖g − PMg‖L∞(K) ≤ C|g|W 2,1(K) ≤ Cε, / - ± X0
XAA{tmu¥qnv{ / - ±Ñ}0 / u¥qnv_5uxl_5b)r5tpulªnvux}tpr5aHbAqZn]µZ¶b_CbYq5bAX¥b]npb)nv_5buqm¹r5b)q+b{¨0nv_bnvbAtpa
∆t π(g, Aε(g))
{qHnp_5bYA{aH5b+´mu¥noj{¨Onv_5b5mnvubaHb]lª_ 0+±z¦9bAnrlznv_5b)tvbA¨©{tpb1lplªrab$¨©{t(¶_5u¥b
np_%n£nv_b3np{}n}S+r5tp%%npr5tvb
|g|W 2,1(K)
uxl£q5{}n{q5j¾¬?{r5q5b)È¬Zj¬«{%Xb(¬kj
ε
µ:¬5rmn}xlª{¬kj¾¬«b)¥{%¶µ
lpCj!¬kj
cε
¶u¥nv_
c
º5´mb)+{Xqlon}qZn)±G4§n$¶{r5xnv_5b)qtpb)Xmu¥j!¨©{X¥{%¶ np_%n
N ≤ C|g|W 2,1(Ω)ε
−1. / - ±Ñ}0
^	_bAtpb+¨©{tpbµtv{%kuxmb) np_%n¶b A}q65tv{%Xb¾nv_«%nnp_5b
W 2,1
q5{tpa / {ttp}nv_5b)tu¥npl¶b] ² b)tplvu{q5b+ºq5b]¾¨©r5tvnv_bAt£¬Zj / ±Ñ%00{¨znv_b3qkr5aHbAtpuxA}lv{rmnvu{qtpbAa!u¥ql1¬«{Xr5qmb]:µ:¶b(¶{r5x¾{¬5np}uqqb)tvtp{tb)lªnvua!%npb{}¨0np_5bnojk«b
ea ≤ C N
−2/3. / - ±ÑmB0
c1{}npbnv_}n1np_5ul1ul1q5{}n£u5bAqZnvuxA9nv{ / - ±  D 0µOlªuq+b(u¸n£ulY_5ubAXb)¨©{t£lª{X¥rmnpu¥{Xql¶_5ux_tvb{Xq5¥juq
W 2,1(Ω)
uqlªnvb)XQ{¨
C2(Ω)
±?4§nnp_Zr«ltpbAXb)lznv_}nnp_5b£X5}5nvubYlp_5b)ab£aHu¥X_Zn?bAtv¨©{tpa³lªr5¬«lon}qm¤
npu¥jÆ¬«bAnªnpbAtnv_«}qnp_5br5q5u¥¨©{tpalv_5b)aHb(¶_5b)qnv_b3bA´mXnlª{X¥rmnpu¥{Xquxl1q{}n
C2
{Xt1_Xl£bAtpjtvXb
C2
q{tpa±
¢ nSnp_5b	5tpb)lvbAqZnzlon}bXµ}¶b	5{£q{}n ² q5{%¶K_5{%¶Knv{tpu¥X{r5tp{rlvj£b]lon}¬5uxlª_ / - ± 560¶_5ux_3a!Cj(Xnvr«}¥jq{}nS_5{x3¶u¸np_5{rmnMlv{aHblv¥u_Znz55u¸npu¥{Xq}mlplvr5aHmnvu{ql)± Ä {tbA´maH5¥bXµ}u¥nzul5tp{%b]uqnv_5blvr5tvXbAj
tªnpuA¥b{¨ A1bê­S{Xtvb"9ÑB;nv_«%nlvu¥aHutX5}mnpu¥Xb$lª¥u¥nªnpu¥q53lonptp}nvbAXu¥b]l_Cb	np_5b1{Xmnvua!}A{qkb)tvXbAqAb
t%npbH5tv{%kuxmb)nv_«%nnv_bQlªb]+{q«Èmb)tvu%%npu¥Xb)l}tpbHq5{}n{Xq5¥jÈ¬«{Xr5qmb] u¥q
L1
¬rmn(}xlª{Æuq
L logL
±
c1bAXbAtvnv_5b)¥b]lvl)µOnv_5uxlt}uxlªb]lYnv_5b!uxlvlvr5bH{}¨	b)lªnvua!%npu¥q5np_5b!tp{%¶	nv_È{}¨nv_5bHnp{}npz+r5tp%%npr5tvb
|fn|?(Ω){¨znv_b3qkr5aHbAtpuxA}Slv{rmnvu{q0± ¢ tªnputvb]lªr5¥nY{X¬mnpu¥qb)uq 9¥XH;z+{q«lonptvr+npl1¨©{t}qkjÆub)qnptvux}qm¤
Xr5x%nvu{q
T
nv{np}SAr5tv%}nvr5tpb(aHb)Xlªrtvb
| · |T ,?(Ω)
np_%nuxl£5u¥aHuq5ulv_5b]¬kjÆnv_b
P1
u¥qZnvb)tv?{x%npu¥{Xq
Xlvlv{m+ux%npb)!np{!}qkjQr5q5u¥¨©{tpa&tpb+º«q5bAaHbAqZn{}¨
T
±
  H3# gÈ	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*³·"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A
c1{}nlªrtv5tpuxlªuq5jµX{r5t	}q«}jklvuxlM{¨9nv_5bmuxlvAtvbAnvu°)}nvu{q!uxl5tvub)qQ¬kj!u¥qZnvb)tv?{x%npu¥{XqQbAtptp{tzb]lonpu¥a!%npb)l
{¨0np_5b¨©{tpa
‖(I − PM )g‖L∞ ≤ C|g|X,M / ±Ñ0
¶_bAtpbnp_5b$lvbAaHu¸¤§q5{Xtva
| · |X,M
a! ² b]lrlvb{¨«np_5b{k)}5Ar5tv%}nvr5tpb)l{}¨?nv_b	¨©r5qnpu¥{Xq
g
±54§¨
g ∈ W 2,1
µ
¨©{Xtu¥q«lon}qAbµmu¥n$ul$lv_5{%¶q¬«b)¥{%¶Gnv_}nu¥q5b]wZr}u¸noj / «± X0_5{x5l¶u¥nv_
|g|X,M = sup
K∈Mt
|g|W 2,1(K). / ±Ñ - 0
ßß ÛTää]ñªå
   	H   #=+!3     (*   * 	'

		
4êqnv_5b(¨©{¥{%¶uq5µ«¶b3mbAq5{nvb¬kj
V
np_5b3lvAb{}¨M¥+{XqXnpu¥qkr5{Xrl	¨©r5q«nvu{q«l1¶_5ux_tvb5ub)AbA¶uxlªb
 !q5b{qÆ}q¾}tp¬5u¥nvt}tpjHA{qm¨©{XtvaHuq53nvtpuq5r5x%npu¥{Xq9±
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
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4êqnv_5b	+{XqXnpb+´kn{¨
P1
}5tv{C´muaH}nvu{ql)µ]¶b¶{Xr5¥u ² bSnp{£55ju¥q5b]wZr}u¸noj / ±Ñ09nv{1nv_5b¨©r5q+nvu{ql{¨
V
µ0¬5rmnnv_ul)}q5q5{n£¬?b!_5ubAXb)¾¶u¥nv_ / ±Ñ - 0A±4êqmb)b):µ9nv_5b!lvb)+{Xq5bAtpu¥%%npu¥Xb)l£{}¨}qkjlªr«_
g
tvbCAYu¥tmuxlonptvu¬5rmnpu¥{Xql$lvr55?{tvnvb]{Xqnp_5bb)mXb)l	{¨0nv_blplª{m+ux%npb)Qnvtpuq5r5x%npu¥{Xq9µ5}q«_5b)q+b
tvbq5{n$u¥q
L1
±c1bAXbAtvnv_5b)¥b]lvl)µm¶blvbAbnp_%nY{qÆ}qkj¬?{r5q«mb){?bAq5{a!}uq
ω
nv_bAj_Cb3ºq5u¥nvb
   # !!
∫
ω
|∂2yzg| = sup
ϕ ∈ C∞c (ω)
‖ϕ‖L∞ ≤ 1
∣
∣
∣
∣
∫
ω
∂yg ∂zϕ
∣
∣
∣
∣
/ y }q« z mb)q5{}npu¥qb)u¸np_5bAt x {Xt v 0+±  bA}qnv_bAtpb+¨©{tpb£tvb)}´Qnv_5b W 2,1 lvbAaHu¸¤§q5{Xtva³uqZnv{
|g|W∗(ω) :=
∫
ω
|∂2xxg| + |∂
2
xvg| + |∂
2
vvg|, / ±Ñ%R0
q +{q«lªuxmbAtHnp_5blvAb
W ∗
{¨qkj
g
lªr«_Knp_%n
|g|W∗ := |g|W∗(Ω)
ulHº«q5u¸npb±6hkuqAb
µg :=
|∂2xxg| + |∂
2
xvg| + |∂
2
vvg|
uxl <{tpbAYaHb)lvr5tpbµ	¶bb+´knvb)qnp_5bmbAºq5u¥nvu{q {¨
|g|W∗(ω)
np{K}qkj
aHb]lvr5tp¬5blvb+n
ω
l
µg(ω)
±@4êqÈnp_5bH¨©{{%¶u¥q5Æ¶b!lª_¥S{Xq5jÈ+{Xqlvumb)t£nv_5blvu¥nvr}nvu{q ¶_5bAtpb
ωuxl	3A¥{Zlªb]Ar5tvXbY{Xt?{jk{Xq}Eµku¥q¶_5ux_AXlªb
µg(ω)
«{Zlvlvu¥¬¥j!uq+rmb]l	q5{q5¤E°)bAtp{3+{XqZnvtpu¥¬5r5nvu{ql
¨©tp{a³nv_5bb]mb]l	{}¨
ω
±
½   ©  Â  Â ÃÏ)  ½  ½   0 	5m 0 ½ I# ^	_bMq5b)¶Klª«+b
W ∗ / nv_}n)}q¬?blvbAb)q(l9nv_5b¨©r5q+nvu{ql{¨1¬?{r5q5b)Knv{}n}+rtv%%npr5tpbµzuq q}{Xjnp{np_5b¨©r5q+nvu{qlH{¨1¬«{Xr5qmb]¯np{}n}	%}tpu}nvu{q 0(q5{%¶
A{qZnpu¥q«l
V
q¶bAq¾mb+ºqbYnp_5b¨©r5q+nvu{q
curv(·, α)
u¥qkX{b)u¥q / - ±Ñ D 0¬Zj
curv(g, α) := |g|W∗(α). / ±Ñ04êq{tmbAtnv{!lvu¥aH5u¥¨©jHnv_5b£¨©{tvnv_«+{aHuq5H}q¥jmlvul{}¨9np_5bmuxlvAtvbAnvu°)%npu¥{XqQbAtptp{tlAµX¶blª_«}?uqZnvtp{mmr+b
q5{}np_5bAtHlvbAaHu¸¤§q5{Xtva'¨©{tnp_5bÆ5u¥b]+b)¶ulvb !q5b¨©rqnpu¥{Xql7Æmb)q5{}npu¥q5 ¬kj
E(g)
nv_5bÆb)5b)l3{}¨}qkj
g ∈ V
µ9¶b3b+nnp_5b  !
	
 @  	HB 	 {¨
g
{q }qkj+{Xlvb)«{X¥jkX{qm{Xa!}uq / {Xt+r5tpbB0 ω ¬«b5b+ºq5b]¬Zj
|g|?(ω) :=
∑
γ∈E(g)
|γ ∩ ω| ‖[Dg]γ‖, / ±ÑL0
¶_bAtpb
| · |
uxlnp_5b{Xq5b+¤êmuab)qlvu¥{Xq}2Y}rlpm{tv»KaHb)XlªrtvbXµ
[Dg]γ
uxlnp_5b / +{q«lon}qZn0|oraK{}¨	nv_5bXtpXmubAqZn$b]nv{Xt
(∂xg, ∂vg)
{qÆnp_5b(b]mb
γ
}q
‖ · ‖
mb)q5{}npb)l$nv_5b
`2
q5{Xtva uq
R2
± AYbAq5{nvuq5Q¬kj
n = (nx,nv)
nv_5b1q5{tpa!}rq5u¸nb]nv{XtSnv{
γ / r5Qnv{u¥npllªuq 0+µX¶b1)}q!{¬«lªb)tvXbnp_%nnv_5b£+{XqXnpu¥qkr5u¥noj{¨
g
jkubAx5l
[∂xg]γ nv = [∂vg]γ nx / ±Ñ80q_5bAqAb
[Dg]γ = [∂ng]γ n = [∂xg nx + ∂vg nv]γ n. / ±Ñ D 0^	_b£b]wZr5u¥%¥b)q+b¬?b+no¶bAbAq / ±Ñ%0	q / ±ÑL0uxl	b)lªnp¬5ulv_5b)¬kj!np_5b¨©{¥{%¶uq5¥b)aHaH±
ë©áß9ëÚï
 
	 "!# $%&	'()!
*+#, 5
B½  ¯   #1% #  	@ B!C  ?#  
ω
 @ 
g ∈ V
*6 C*+
|g|?(ω) ≤ |g|W∗(ω) ≤ 3/2 |g|?(ω). / ±Ñ}0
Q	'6 2  b!lª_«}A{qlvuxmbAt}tvnvux+r5x}t+{Xlvb)«{X¥jkX{q ω nv_}n{Xq5j+{qZn}uql£{q5bb)mXb γ {¨
E(g)  
nv_bbAqbAt}:AXlªb£¨©{{%¶$lb]lvu¥j± ¢ ¨ÚnvbAtY3u¥nªnvb(¥XbA¬5t5µZ¶bº«qu¥qnv_5uxl$)lvbYnp_%n
µg |ω =
(
∣
∣[∂xg]γ nx
∣
∣ +
∣
∣[∂xg]γ nv
∣
∣ +
∣
∣[∂vg]γ nv
∣
∣
)
δγ / ± L0
q3¨©tv{Xa / ±Ñ D 0+µX¶b$lªb)b	nv_}n |g|?(ω) = |γ| ∣∣[∂xg]γ nx +[∂vg]γ nv∣∣. ^	_5b1¥bA¨ÚnMu¥qb)wZr}u¥noj({}¨ / ±Ñ}0uxl1nv_5b)q{¬kku¥{Xrl)± ¢ lplªr5aHuq5Qnp_%n
nx 6= 0 / ¶_5ux_uxlY¥¶	Cjml«{Zlvlvu¬5¥bXµ«r¾nv{lv¶¾¬«bAno¶b)bAq xq
v
0+µ5u¸n¨©{X¥{%¶$lnv_«%n
|γ|−1|g|W∗(ω) =
∣
∣[∂xg]γ nx
∣
∣ +
∣
∣[∂xg]γ nv
∣
∣ +
∣
∣[∂vg]γ nv
∣
∣
=
∣
∣[∂xg]γ
∣
∣
(
|nx| + |nv| + n
2
v|nx|
−1
)
=
∣
∣[∂xg]γ
∣
∣|nx|
−1(1 + |nxnv|)
≤ 3/2
∣
∣[∂xg]γ
∣
∣|nx|
−1 = 3/2|γ|−1|g|?(ω),
¶_bAtpbnv_5bº«tplªn1b)wZr¥u¥nojuxl / ± L0+µnp_5b(lvb)+{Xq{q5buxl / ±Ñ80$}qnv_bXlon9 ;uxl / ±Ñ D 0A±^	_ultv{%Xb)lMnv_5btpu¥X_Zn	uq5b]wXr«}u¸nojQ{¨ / ±Ñ}0	}q+{Xa¥bAnvb)lnv_5b5tp{k{}¨o±
d
γ1 γ2
a b c a b
c
Ä urtvb - 7no¶{nojZ?b{}¨b)mXb)l¨©{Xt$+{aH5r5nvuq5!mulp+tpb+npb+r5tp%%nvrtvb]lA±
½ ¯m   #E!D# Ç_5b)q
g
¬?bA{q5Zlnv{lv{aHb
P1
ºq5u¥nvb$b)¥b)aHbAqZnMlª«+b
VM ′
µnv_5bYwXr«}qZnvu¥noj
curv(g, α)uxlSXbAtpj3lªnvt}u_Znª¨©{Xtv¶	}tnp{+{aH5r5nvb± ¢ lMa!%nvnvbAt{}¨O¨Ù+n)µX¶bº«tplªnzb)tvu¥¨©jnp_%nr5Hnv{lv{aHb${mA}
tpb+º«q5bAaHbAqZnlAµZnv_bAtpb£tvb£{q5jHno¶{nojk«b]l{}¨b]mb]lu¥qnv_5b+b)¥
α
¶_5b)tvb
µg
uxl	q5{qm¤§°Ab)tv{«µXq«}aHbAj
γ1q
γ2
tpbA5tpb)lvbAqZnpb)Q{Xqºr5tpb - µ ¢ )+{tmuq53nv{ / «± LX0µ5¶b_Cb£np_5bAq
|g|W∗(γ) = µg(γ) =
{
|g(a) − 2g(b) + g(c)| if γ = γ1
3|g(a) − g(b) + g(c) − g(d)| if γ = γ2
q
curv(g, α)
aH{r5qZnplnp{nv_5blvr5a&{¨0np_5b)lvb+r5tp%%npr5tvb]lA±
ßß ÛTää]ñªå
X   	H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 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 bºtlontpb))}9AXlvlvuxA}:55tp{C´kua!%npu¥{XqQtvb]lªr¸n]±
B½  ¯   #   Â     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K
 @
g ∈ W ∗
*K*+
 65   
	 (
PK
! !/. 
!
‖g − PKg‖L∞(K) ≤ C|g|W∗(K) / ± L5B0
6&*
	"K*+E+!H  
C
 
 B!  * !'*++ 
K
*    Q: ! !H1 2
Q	'6 2 ^	_ulYb)lªnvua!%nvb(ul£Q+xlplvu)}9º«q5u¸npb(b)¥b)ab)qZnYtpb)lvr5¸n]± 4§nplY5tp{k{}¨Stvb)¥ub)l1{qÆno¶{Qa!}uqlªnvbA«l7np_5bºtlon{Xq5bul	np_5b+{XqZnvuqZr{rlbAa3¬«b]5muq5
‖g‖L∞(K) ≤ C‖g‖W 2,1(K), / ± LX0
q.np_5blvb)A{q¯{q5bul(nv_5bb)wZr5u%}bAqAb¬?b+no¶bAb)q
‖g − PKg‖W 2,1(K)
}q«
|g|W 2,1(K) / lvbAb¨©{tuqlªnpq+b)9 - ;{Xt>9A; 0+± ^	_5uxl35tv{%Xb)l / ± L510¶u¥nv_¯np_5b W 2,1 lªb)au¥¤§q5{tpaÆµq{%¶u¥qZnvtp{mmrAu¥q5nv_5baH{X¥u¸º«bAt
ρη = η
−2 
{(x,v):|x|+|v|≤η}
qb+nvnvuq5
η
nvbAq«np{°)bAtp{uq
gη = g ∗ ρη ∈ W 2,1
lª_5{%¶$l
np_%n / ± L560	lv{H_5{x5l)± Ä u¥q¥jµ{q5bb]lvu¥j_5b] ² nv_5buqk%}tpuq+b£{}¨ C ¬ZjQnv_5buxlª{nvtp{5uxlv)}u¥q
Kλ = λK
rlªuq5nv_b_}q5Xb{}¨%tvux}¬5b
gλ(x, v) = g(x/λ, v/λ)
±
¢ )+{Xtpmuq5np{nv_ulb)lªnvua!%npbµZu¸nultvb]mujlvbAb)q!nv_}nuq5b)wZr¥u¥noj / «± X0Suqmb)b)_5{x5lz¶u¥nv_ / «±  - 0µq{%¶6¬?b)Arlvbqkj!nvtpuq5bu¥q
Mt
{%b)tvx}l%n$aH{Zlon	no¶{HwZrXmt}q5X¥b]luq
M
µ5¶blvbAbnp_%n / ±Ñ0lv{._5{x5l!¶_bAq
|g|X,M
uxl!np_5bwZr}qZnpu¸noj
µ(M, g)
ub)q·¬kj / - ±Ñ D 0+±=¦0b+nrlQ¶tvu¥nvb¾np_5uxlQlQA{tp{tvjX±
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M
C
g ∈ W ∗
*
K*+ ( 6? !
    "   	+ (
PM
! !/. 
!
‖g − PMg‖L∞ ≤ Cµ(M, g) / «± L - 0
6&*
	
C
 ! 
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½ ¯m  #$# d1lvu¥qYnp_5uxlzlªuaH5bb]lonpu¥a!}nvbµ¶blvbAbnv_}nSnv_5buq5u¥nvux}mqkr5aHbAtpuxA}5lv{rmnpu¥{Xq
f0
ub)q
¬kj / - ± - 0	lv}nvuxloºb]l ‖f0 − f0‖L∞ ≤ Cε ¨©{t$qkj f0 ∈ W ∗ ±
 b¶u	lv{q5b)b)¯nv_}n(nv_buqZnvbAtp?{x%nvu{q {X«b)tp}nv{Xtpl5{Èq5{n3uq+tpb)XlªbQnv_5b
W 1,∞
lvbAaHu¥¤Eq{tpaµ
¶u¥nv_np_5b¨©{¥{%¶uq5H+{XqZXbAqZnvu{q 7
|g|W 1,∞ := ‖∂xg‖L∞ + ‖∂vg‖L∞.
 blv_}$r5q«mbAtp¥uq5b¾np_%nnv_5uxluxl!q5{n}qÇ{X¬kZu{r«lH5tv{X«b)tªnojXµ¨©{tQu¥nuxlQq5{nlv}nvuxloº«b) ¶u¸np_6}qkj
X5}5nvubYnvtpuq5r5x%npu¥{Xq9±
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M
 M
g ∈ W 1,∞
*? *    	+$
 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 	
PM
! !/. 
!
|PMg|W 1,∞ ≤ |g|W 1,∞ . / ± L}R0
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Q	'6 2 ¦0b+n K ¬«bnptvux}q5X¥bS{¨ Mt 79bAu¥nv_bAtu¸n+{aHb]l:¨©tp{a 1lvu¥aH5bwZrXmtpq5bzlv5¥u¥nªnpu¥qµC{tu¸n_l¬?bAb)q{X¬mnpu¥qb)¬Zj!aHb)tvXu¥q53no¶{3q5{Xq+{Xqm¨©{tpaHu¥q(nptvux}q5X¥b]l
K1
q
K2
{}¨
M̃t
±?4êqnv_bYº«tplªn$Alvbµ
K
_lno¶{1b]mb]l0tp¥bAZ¶u¥nv_3nv_5b
x
}qnv_5b
v
}´mul)µ}}q(u¸nuxltpb)Xmu¥jlvbAbAq(nv_}n
‖∂xPMg‖L∞(K)q
‖∂vPMg‖L∞(K)
}tpbtvb]lª?b)+nvubAj!¬?{r5q5b)¬kj
‖∂xg‖L∞(K)
q
‖∂vg‖L∞(K)
µlª{np_%n
|PMg|W 1,∞(K) ≤ |g|W 1,∞(K) / ± LX0
uxl!{X¬Zku{rl)± 4êqnp_5blªb]+{XqAlvbµ¶b¾¥bAn
g̃ := P{K1,K2}g
¬«bnv_5buqZnvb)tv?{x%npu¥{Xq·{¨
g
{Xqnv_5b
A{qm¨©{XtvaHuq5(lvr5¬lvb+n
{K1, K2}
{}¨
M̃t
±G4§¨9np_5bYb]mbY¬«bAno¶b)bAq
K1
}q«
K2
ul}t}bA5np{np_5b
x
%´muxlAµ
¶b_Cb
∂xg̃|K1 = ∂xg̃|K2
±
∂xPMg|K =
(
2∂xg̃|K1 − ∂vg̃|K1 + ∂v g̃|K2
)
/2
∂vPMg|K =
(
∂v g̃|K1 + ∂vg̃|K2
)
/2.
hmu¥qAb
∂xPMg
q
∂vPMg
}tpb£A{qlªnpqZn	{Xq
K
µmnv_5uxl	jku¥b)l
|PMg|W 1,∞(K) = ‖∂xPMg‖L∞(K) + ‖∂vPMg‖L∞(K)
≤ max(|∂xPMg|K + ∂vPMg|K |, |∂xPMg|K − ∂vPMg|K |)
≤ ‖∂xg̃‖L∞(K) + ‖∂vg̃‖L∞(K) = |g̃|W 1,∞(K)
qÆ!lªjkaHaHb+nptvux}tprab)qZnlv_5{%¶$l	np_%nnp_5uxl$uq5b)wZr¥u¥nojlv{!_5{x5luqÆnv_b(AXlªb¶_5b)qnv_5bb]mb
¬?b+no¶bAb)q
K1
}q
K2
ul$}t}¥b)?nv{Hnv_b
v
%´muxlA±Sd1lvuq5nv_5b)q / ± LX0+µ5¶b£_«Cb£u¥q¾}qkj)lvb
|PMg|W 1,∞(K) ≤ |g̃|W 1,∞(K) = max
i=1,2
|g̃|W 1,∞(Ki) ≤ maxi=1,2
|g|W 1,∞(Ki) = |g|W 1,∞(K)
¶_u_Æ+{Xa¥bAnvb)lnp_5b5tp{k{}¨o±
 bºq¥jlªnp}nvb£nv_5b¨©{X¥{%¶uq5H¥b)aa!µm¶_5u_Æ5tp{k{}¨m{kb)l	q5{n	t}uxlvbqkjQ}tvnvux+rt	5u Q+r¸nojX±
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g ∈ V
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PM
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µ(PMg, M) ≤ Cµ(g, M) / «± LL0
π(PMg, M) ≤ Cπ(g, M) / «± LR80
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 b$lv_}5q5{%¶·ublª{XaHbb]lonpu¥a!}nvb)lM+{q«+bAtpq5uq5£nv_5b$lvaH{k{}nv_q5b)lpl{}¨?nv_5b$5bAqlvu¸npu¥b]lnvt}q«lª?{tvnvb](¬kj
Tx
}q
T nv / ¶b1tpb))}5nv_«%nMnp_5b1x%nvnvb)tuxlMmbAºq5b]Quqlªb]npu¥{Xq - ± - }qA}xlS¨©{t¬?{}nv_u¥qZnvb)tv?{x%npu¥{XqXtvux
Γn
qu¥qZnpbAtpab]mux%nvb£ºb)
Ẽn
0+±z^	_5ba!}uqtpb)lvr5¥n$ul67
ßß ÛTää]ñªå
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B½  ¯   # # ( 
g
 ! ( 6? !
,    *3 *

Txg

T nv g
 !J	' 2 (  (*M6 "*+, @ 
α
|Txg|W 1,∞(α) ≤ (1 + ∆t/2) |g|W 1,∞(F−1x (α)) /
± L D 0
|T nv g|W 1,∞(α) ≤ (1 + ∆t|Ẽ
n|W 1,∞) |g|W 1,∞((Fnv )−1(α)) / ± L0
|Txg|?(α) ≤ (1 + ∆t/2)
2 |g|?(F−1x (α)). /
±P8%0
(  *   ( *
α
 !"  !
#  	'@#,H!'*
M

	H  R
Nx(M) ⊂ Γ
n, / ±P8kB0
K*+	'!	H M+!H  
T nv g
!
 !/.3H!
|T nv g|?(α) ≤ (1 + ∆t|Ẽ
n|W 1,∞)
2|g|?((Fnv )−1(α))
+ 5 · 2−2`(α)∆t|Ẽn|W 2,∞‖∂vg‖L∞((Fnv )−1(α)).
/ ±P8}0
xi+1xi x
v
K
K ′
Ki
γ3
γ1
γ2
F(K)
F(K ′)
Ä urtvb7Su¥b]+bA¶uxlvb !q5bmXb)npu¥{Xq9±
Q	'6 2 4êq {tmb)t1np{Ælªnvr«mj¾¬«{nv_ Tx }q T nv }nnv_5b!lp}aHb(npu¥aHbXµ9¶bHlv_}z+{Xqlªuxmb)t)µ?¨©{tub)quqZnvb)tv?{x%npu¥{Xqtpux
Γ ⊂ R
}q«3¨©r5q«nvu{q
G̃ ∈ W 2,∞(R)
µmnp_5bb)q5bAtpuYnptpqlª?{tvn	{?bAt%nv{Xt
T = T (Γ, G̃) : g → g ◦ F−1 / ±P8 - 0
Xlvlv{m+ux%npb)!np{nv_5bXmb]nvu{qºb)
F = F(Γ, G̃) : (x, v) → (x, v + G(x)), / ±P8CR0
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¶_bAtpb
G
uxl!np_5b Hqb¾u¥qZnvb)tv?{x%npu¥{Xq{}¨
G̃
{q
Γ
± Çu¸np_5u¥q nv_5uxlA{qZnvbA´Zn]µ
T nv
ul{¬mn}uq5b) ¬kj
lvb+nvnvuq5
G̃(x) = ∆tẼn(x)
q
Γ = Γn
µX¶_5ub
Tx
uxlz{X¬mnpu¥q5b]H¬kjlv¶55uq5
x
q
v
µZq!lªbAnªnpu¥q5
G(x) = G̃(x) = x∆t/2
¨©{XtYqZjtpux
Γ
± Ä {XtYlp ² b{}¨Mlvu¥aH5uAu¸nojXµ«¶b(lv_}A{qlvuxmbAtnp_%n
g
uxl1uq
lv{aHb
VM ′
µ¶u¥nv_
M ′
ÆXtpXmb)ab]lª_ / nv_5uxluxlu¥q ¨ÙXnnv_b!{q5jAXlªbH¶b!}tpbuqZnvb)tvb]lonpb)Èu¥q9µ¬5rmnnp_5b}¬?{%b£b)lªnvua!%npb)l_5{X¨©{Xt$}qkj
g ∈ V
0+± A1b)q5{}npu¥q3np_5bAq¾¬kj
xi
np_5b«{Xu¥qZnl{}¨
Γ
µ5¶bAqÆlv5u¸n
b]_nvtpuq5b
K ∈ M ′t / ¶_bAtpb g uxl !q5bB0Yu¥qZnv{Æ5ub)Ab)l£{}¨nv_5bH¨©{Xtva Ki = K ∩ ]xi, xi+1[ × R ±4§nuxl1np_5bAq tpb)5u¥j¾lªb)bAqnp_%n
T g
ulA{qZnvuqkr5{rl£}q« !q5b{qÈb)X_
F(Ki)
±(¦0b+nrlmu¥kuxmbnv_5b
Xlvlv{m+ux%npb)b)mXb)lSuqZnv{np_5tpbAbnojk?b)l670np_5{Xlvb / u ² b γ1 uq!ºrtvbR0¶_5ux_Q+{aHb¨©tp{a XbAtvnvuxA}mb]mb{¨0lª{XaHb
K ∈ M ′t
µXnv_5{Zlªb / u ² b γ2 0S¶_u_A{aHb¨©tp{aq5{Xqm¤§bAtvnvuxA5b)5b1{¨0lª{XaHb Ki µmqnv_5{Zlªb/ ¥u ² b γ3 0¶_5ux_A{aHb£¨©tv{Xa&3bAtvnvuxAOb)mXb£{¨lv{aHb Ki ¬5rmn1tvb£q5{}n{¨0nv_bYº«tplªn	nojZ?b± Yqb)X_ !q5b5u¥b]+b{¨
T g
µ5¶b£_«Cb
D(T g)(x, v) = (∂xg − G
′(x)∂vg, ∂vg) (F
−1(x, v)) / ±P8}0
lv{nv_}n${qÆ}qkjQ¬?{r5q«mb)
α
µ5¶b_CXb
|T g|W 1,∞(α) ≤ (1 + ‖G
′‖L∞) |g|W 1,∞(F−1(α))
¶_u_Qtv{%Xb)l / ± L D 0}q / ± L0±S¦9bAnq5{%¶ γ ¬?bY}qb)mXbYlplv{kAu}nvb]nv{ T g lvr_!np_%n γ ∩α 6= ∅ ±4§¨u¥n$ulHlvb)+{XqnojZ?bb)5bµm¶blªb)bnv_}n	nv_5b{Xq5¥j|or5aH¾u¥q / «± 80	+{XaHb)l¨©tv{Xa D(g) µlª{3nv_«%n
‖[D(T g)]γ‖ ≤ (1 + ‖G
′‖L∞) ‖[D(g)]F−1(γ)‖, / ±P8L0
q!u¸nvnvbYXbA{XabAnvtpj3lv{lª_{%¶$lSnv_«%n
|γ| ≤ (1+‖G′‖L∞) |F−1(γ)|
±G4§¨
γ
ulnv_u¥tHnojk«b1b)mXbµ
np_5b	|or5aHÆu¥q / ±P8}0q5{%¶=+{Xab]l¨©tv{Xa G′ µlª{np_%n
‖[D(T g)]γ‖ ≤ ‖∂vg‖L∞(F−1(α))
∣
∣[G′]xi
∣
∣, / ±P880
¶_bAtpb
xi
ulYlªr«_Ænv_}n
γ ⊂ {xi} × R
µ:}q«Æu¸¨Sºq«}¥j
γ
uxl1Hº«tplªn1nojk?bb)mXbµ?¬«{nv_
D(g)
}q
G′_«Cb1|ora¾uq / «± 80+µ5lv{nv_}n
‖[D(T g)]γ‖ ≤ (1 + ‖G
′‖L∞)‖[D(g)]F−1(γ)‖ + ‖∂vg‖L∞(F−1(α))
∣
∣[G′]xi
∣
∣, / ±P8 D 0
¶_bAtpb
xi
uxl	¥u ² b}¬?{%bX±G4êqnp_5b)lvbno¶{Hxlªn$Alvb)l)µk¶bA¥b]}tp¥j!_«Cb
|γ| = |F−1(γ)| ≤ (1 + ‖G′‖L∞) |F
−1(γ)|.
 b3nv_5b)qÈmb)q5{}npb3tpb)lv«b]npu¥XbAj¬kj
αx
q
αv
nv_5buqXnpbAtp%}xl$¶_5ux_Ètvb(nv_5b5tp{}|ob)+nvu{ql1{}¨
α
{Xq
np_5b
x
}q«Qnp_5b
v
¤ê%´muxl7np_5bnv_5tpbAbmu¥»ObAtpbAqZn1AXlªb]lZ%np_5bAtuqZnv{
|T g|?(α) =
∑
γ
|γ ∩ α| ‖[D(T g)]γ‖
≤ (1 + ‖G′‖L∞)
2
∑
λ
|λ ∩ F−1(α)| ‖[D(g)]λ‖
+ |αv | ‖∂vg‖L∞(F−1(α))
∑
xi∈αx
∣
∣[G′]xi
∣
∣,
/ ±P8%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¶_bAtpb	nv_5b1ºtplªnlvr5a ulznp ² bAq!{%XbAtnv_b1b)5b)lz{}¨
T g
µXqnv_5b£lªb]+{XqH{q5b{%XbAtSnp_5{Xlvb${¨
g
±&4êqQnv_5b
)lvbY¶_bAtpb
T
ul	lvbAb)qXl
Tx
µ
G′
ulnp_5b+{q«lon}qZn
∆t/2
}q«_5b)q+b£_Xlq{Y|ora0µ5lª{ / «± 8}0tvb]5lXl / ±P8%0+±54êq{tmbAtSnp{5tp{%b / ±P8}0+µZ¶bºtlªnM{¬lvbAtpb	np_%n |ωv| = 2−`(α) ±?AYbAq5{nvuq5np_5bAq¬Zj x−/ tvb]lª?b)+nvub)¥j x+ 0 nv_5bºtlonSq5{mmb	{¨ Γn ¥{%¶bAtnv_«}q inf(αx) / tvb]lª?b)+nvubAjtpb)}nvb)t0np_}q sup(αx) 0µ¶b£u¥qm¨©b)t¨©tv{Xa A{q5u¸npu¥{Xq / «± 8m60}qQnv_5b£t5b)Qlªnvtprnpr5tpb1{}¨ M nv_}n |x+ − x−| ≤ 5 · 2−`(α). 4§n¨©{X¥{%¶$lnv_}n
∑
xi∈αx
∣
∣[(En)′]xi
∣
∣ ≤
∫ x+
x−
|(Ẽn)′′(x)| dx ≤ 5 · 2−`(α)|Ẽn|W 2,∞ ,
qnv_5bbAaHa!Hul	tv{%Xb):±
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4êq¾{Xtp5bAt	nv{Q5bAtpu¥Xbu¥qZnvb)tv?{x%npu¥{Xqb)tvtp{tb]lonpu¥a!}nvb)l¨©tv{Xa³nv_b(}¬?{%buq5b)wZr¥u¥nvub)l)µ¶ba(rlªn1XbAtpu¸¨©j
np_%nA{qmu¥nvu{q / «± 8m60$uqmb)b)È_5{x5l£¶_5b)q M = Mn2 ¶_5ux_Èuxlmb+º«q5b)È¬kj / - ± - %¬0±Hhkuq+bnv_ulaHb]lª_ul$5tvb]+uxlªb)¥jQA{qlªnvtpr+nvb)¨©tp{a
Fnv
µ5}q«_bAqAbY¨©tp{a
Γn
µm¶bq5bAb]bAaHa!¨©{t	np_%n]±
B½  ¯   # #  		@# 
!'*
M
*6 C*+B
Nx(T(M,F
n
v )) ⊂ Nx(M). / ± D 0
(  *
	 6 	B!K*3K*+ K#,
!* 	'!+	H +	' 	 
T
B!!6( J ,!#,
v
$ 	'
(  (
6
! Q  	"K*+ 	'
(  CK*+# 
!'*+
! K*+
x
$ ! 2
Q	'6 2 ^{H¬«b)uqÆ¶u¸np_9µ5b+n$rl	5tp{%bYnv_«%n
Nx(T̃(M,F
n
v )) ⊂ Nx(M). / ± D 10
F£ub)q(AbA
α ∈ T̃(M,Fnv )
µku¥npl}tpbAqZn
β
lv}nvuxloº«b)lz¬kj!+{Xqlªnvtprnpu¥{Xq
`∗(β) > `(β)
µmlv{nv_«%nMnp_5bAtpb
bA´mulªnplH+b)¥
β∗ ∈ M
+{XqZnp}uq5uq5
(Fnv )
−1(cβ)
lªr«_np_%n
`(β∗) = `∗(β) ≥ `(β) + 1 = `(α). / ± D 0
~{Xqlvumb)tvuq5nv_b{qb+¤êmu¥tpb)+nvu{q¨©{tpag{¨
Fnv
µ¶blªb)bHnv_}n
xβ ∈ β∗x
µq nv_ulnv{Xb+np_5bAt¶u¥nv_
/ ± D 01jku¥b)l β∗x ⊂ αx ±(c1{%¶ ¬?b)Arlvb3{¨Mnv_b3r5q«mbAtp¥jkuq5nvtpbAbHlonptvr+nvr5tpb3nv_}n Nx(M) uq5_5bAtpu¥npl¨©tp{a
M
µ5u¸n1¨©{¥{%¶$l¨©tp{a
∂(β∗x) ⊂ Nx(M)
nv_}n
∂(αx) ⊂ Nx(M)
µq / «± D 60	uxl	5tp{%b)9±zd1lvu¥q5np_5b¨ÙnHnp_%n
Nx(M)
lv{uq5_5b)tvu¥npl!tmb]¯lªnvtprnpr5tvb¨©tp{a
M
µz¶b)}q·bAtpu¥¨©jÈnp_%n / ± D 60Xnpr}¥ju¥aH5u¥b]l / «± D 0+µ5qnv_5bbAaHa!ul	tv{%Xb):±
 bH}tpb(q5{%¶np{lªnp}nvbHQ¨©rq5}aHb)qXn}5tp{?bAtvnojÆ{}¨M¬?{}np_{?bAt%np{tl
T(·,Fx)
}q
T(·,Fnv )
± Ä {t
lp ² bY{¨A{qAulvbAqb)lplAµk¶bXu¥qrlªbnp_5bb)q5bAtpuxYXmb]nvu{qºb) / «± 8%0+±
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 ½   ½  ½ I# F£ub)qÆHmjZmux+b)¥
α
µ¶b¥bAn
B(M,F , α) =
{
β ∈ M, β ∩ F−1(α) 6= ∅
}
¬?bnv_b+bAxl	{}¨
M
nv_«%n1}tpb£bAb)q«}tvnvjmXb)+nvb)uqXnp{
α
±
B½  ¯   #1%D# 3	'1(>K*+
().   
F
! !/. 
!
‖G̃′‖L∞ ≤ 1/2, / «± D- 0
K*+	' !) H!   !  
C
!*  *
sup
α∈T(M,F)
#(B(M,F , α)) ≤ C / «± D 0

		'@# 
!'*
M 2 ( ) (*6 C*+B
`(β) ≤ `(α) + 2, for any α ∈ T(M,F) and β ∈ B(M,F , α). / ± D 0
^	_b£tv{k{}¨ul$ubAquqnp_5b}5?bAq«mu¸´:±
½ ¯m   #1% %'#1¢ 55u¥b]nv{
Fx
}q
Fnv
µknv_5blªnp¬5u¥u¥nojA{qmu¥nvu{q / «± D- 0tpb)l
∆t ≤ min
(
1, (|Ẽn|W 1,∞)
−1/2
)
,
¶_u_ul$q5{}nb)tvjtvb]lonptvuxnpu¥Xb± Èblv_}:uqmbAb]Ælªb)b£uq¾lªb]npu¥{XqÆ(nv_«%n
|Ẽn|W 1,∞
ul	¬?{rqmb)¬kj
lv{aHb1A{qlªnpqZnM¶_5ux_Q{q5j!mbA?bAq«5lM{Xq
T
µZ5tp{%Zuxmb]nv_}n
n∆t ≤ T
±^	_5ul+nvr¥j¥b]5lMnv{(nv_5b
lªnp¬5u¥u¥nojQ+{Xqmu¥nvu{q / - ± R80Muqnv_5ba!}uqnp_5bA{Xtvb)aÆµZ¶_u_ul   Q~ Ä ¦nojk?bA{q5u¸npu¥{Xqlvu¥q«+b£nv_5btpb)lªnvtpuxnvu{q{qnv_bYnpu¥aHb(lªnvb)uxluqmb)«b)qmbAqZn${Xqnp_5blª«+bmuxlp+tpb+nvu°)}nvu{q9±
^	_blvb)A{q¾tv{X«b)tªnoj{}¨znp_5bHaHb)lv_¾nvt}qlv?{tvnY{?bAt%np{tYulYnv_«%nu¸nm{kb)l£q5{n£uq+tpb)Xlªbnv_5b{tmbAt
{¨A{aH5b+´mu¸nojX±
B½  ¯  #&%!D# 3	1(MK*+B( .   
F
! !3.3H! / ± D- 0 *? *
	'" ! ) 
!   E+!H 
C
!*JK*+
#(T(M,F)) ≤ C#(M) / «± D L0
		'@# 
!'*
M 2
^	_b5tp{k{}¨1uxlHub)q¯uqKnp_5b¾}5?bAq5u¸´:±~{Xa(¬5uq5uq5 ¥b)aa!b«± D }qK±)kµ¶bq5{%¶&lªnp}nvbnv_5b
tpXnvuxAtpb)lvr5¥n0nv_«%nS}¥{%¶$l0rlnv{1b]lonpu¥a!}nvbznp_5bu¥qZnvb)tv?{x%npu¥{XqbAtptp{tl:{qnp_5bnvt}qlv«{Xtªnpb)aHb)lv_5b]lA±
$b)A¥uq5 nv_«%nnp_5b¨©rqnpu¥{Xq}xl
µ
q
π
tvb5b+ºq5b]Çuq / - ±  D 0q / - ± - 0µY¶b¥bAn¨©{tÆ}qkj
g ∈ V ⊂ W ∗ ∩ W 1,∞
ν(g, M) := µ(g, M) + ∆t π(g, M) = sup
α∈M
|g|W∗(α) + ∆t sup
α∈M
2−2`(α)|g|W 1,∞(α).
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 Â ] ½ Ã  ½   ½  7# %&
 R!.	!H B!! # K*+ 
	
T
*GK*+  #,	H(&  
	H(.3  ! !/. 
!
|Ẽn|W 1,∞ ≤ C1(T ) / ± D 80

	@
n

∆t
!* *
n∆t ≤ T 2  *+@	'+!	H  # 
!'*+
! Mn1 = T(Mn,Fx) * Mn2 =
T(Mn1 ,F
n
v )

Mn+1 = T(Mn3 ,Fx)
! !K, *

ν(Txf
n, Mn1 ) ≤ C ν(f
n, Mn) / ± DD 0
ν(T nv f
n
1 , M
n
2 ) ≤ C (1 + |Ẽ
n|W 2,∞) ν(f
n
1 , M
n
1 ) / ± D 0
ν(Txf
n
3 , M
n+1) ≤ C ν(fn3 , M
n
3 ), / ± 0 	'1(@ *
∆t ≤ min
(
1,
1
2 C1(T )
)
. / ± 5B0
½ ¯m   #1%  #¢ A+{Xtp5u¥q5£np{+{tp{x}tpj± 5µ¶b¶{Xr5x3{Xq5j(q5b)b)3nv_}nznv_b	nvt}qlv«{Xtªnpb)3aHb)lv_5b)l
XbAtpu¸¨©j  lon}¬5uu¸noj.5tp{?bAtvnoj.¶u¸np_·tpb)lv«b]nnv{Ènv_5b¨©r5q+nvu{q
µ
±Kd$qm¨©{Xtªnpr5q}nvbAjµM{r5tb)lªnvua!%nvb
/ ±P8}0O5{Zb]l:q5{n0b+´5+nvj1uaH5¥ub)l:nv_5uxlAµ%q£¶bnp_5bAtpb+¨©{Xtvbq5b)b)£nv{$A{qlvuxmbAt:np_5b Nªtvb)}´kb]O¨©rqnpu¥{Xq}
ν
¨©{Xt	nv_5blªnp¬5u¥u¥noj!nv{H_5{X:±
Q	'6 2 hmu¥qAb+{Xqmu¥nvu{q / ± 510jZubAx5l
∆t max(1/2, |Ẽn|W 1,∞) ≤ 1/2,
¶b_CbY¨©{t$qkj
α ∈ T(M,Fx)
|Txg|?(α) ≤ 9/4 |g|?(F−1x (α)) ≤ 9/4
∑
β∈B(M,Fx,α)
|g|?(β)
≤ 9/4 #(B(M,Fx, α)) µ(M, g) ≤ C µ(M, g),
¶_bAtpbMnp_5bMº«tplªnSu¥q5b]wZr}u¸nojuxl / «± 8}0µ%np_5b	lªb]+{q«{qbM¨©{X¥{%¶$l¨©tv{Xa nv_5b	mb+º«q5u¸npu¥{Xq3{¨ B(M,Fx, α) µnp_5bnp_5utpÆ{Xq5b¨©tp{a ¥b)aHaHQ±}µ?qÆnp_5b(xlªn1{qb¨©tv{Xa / ± D 0+±YhkuaHu¥x}tp¥jXµ¶bºq«Æ¨©tv{Xa / ± L D 0q / ± D 0nv_}n
2−2`(α)|Txg|W 1,∞(α) ≤ 3/2 sup
β∈B(M,Fx,α)
2−2`(α)|g|W 1,∞(β)
≤ 3/2 sup
β∈B(M,Fx,α)
24−2`(β)|g|W 1,∞(β) ≤ C π(M, g).
4§n¨©{X¥{%¶$lnv_}nnv_5b
x
¤§5u¥tpb)+nvu{qOnvt}qlv«{Xtªnlp%nvuxlªºb)l
µ(T(M,Fx), Txg) ≤ Cµ(M, g) and π(T(M,Fx), Txg) ≤ Cπ(M, g),
q_5bAqAb
ν(T(M,Fx), Txg) ≤ Cν(M, g)
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¶_u_Qb)X5lSnp{ / ± DD 0}q / ± 0±S^0rtvq5uq5(nv{np_5b v ¤êmutvb]nvu{q«}5nptpqlv«{Xtªn]µ¶b$ºtlon	_5b) ² ¨©tp{abAaHa!«± £np_%n
Mn2
lp%npulªºb)l / ±P8k10± ÈbYA}qHnp_5bAqQ55j3{Xq+baH{XtvbbAaHa!}b$«± D qH±)kµk}q«¶u¥nv_¾lvu¥aHut$}tpr5aHb)qXnlnv_q¬«{%Xbµkºqnp_%n	¨©{tY}qkjQ+b)¥
α ∈ Mn2
µ
|T nv f
n
1 |?(α) ≤ 9/4 |f
n
1 |?((Fnv )−1(α)) + 5 · 2
−2`(α)∆t|Ẽn|W 2,∞ |f
n
1 |W 1,∞((Fnv )−1(α))
≤ 9/4 #(B(Mn1 ,F
n
v , α)) µ(M
n
1 , f
n
1 ) + C∆t|Ẽ
n|W 2,∞π(M
n
1 , f
n
1 )
≤ C(1 + |En|W 2,∞) [ µ(M
n
1 , f
n
1 ) + ∆tπ(M
n
1 , f
n
1 ) ].
 b}xlv{A¥b]}tp¥jQ_«Cb
π(Mn2 , T
n
v f
n
1 ) ≤ C π(M
n
1 , f
n
1 ),qnv_5b5tp{k{}¨ul$A{aH5b+npb±
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4êq lªb]npu¥{XqÈm±Ñkµ9lva{k{nv_5q5b]lvlYb)lªnvua!%npb)lY¶b)tvb3b)lªnp}¬¥uxlª_b)Æ¨©{Xt1np_5b3bA´5nlv{rmnvu{ql)µ«nv_}n¥{%¶b]
r«lnv{A{qZnvtp{knp_5b	nvuaHb1muxlvAtvbAnvu°)%npu¥{Xq3b)tvtp{t]± 4êqnp_5b1lp}aHblª5utpu¸n]µ¶bq5{%¶·b]lon}¬5uxlª_Hlª{XaHb¬«{Xr5q5l
¨©{Xtnv_b(qkr5aHbAtpu)}0lv{rmnpu¥{XqlAµnv_}n1¶u¥q5b+´kn1¬?b3A{a3¬5u¥qb)Æ¶u¥nv_}¬?{%bbAaHa!!«±¥ - u¥q¾{Xtpmb)tnv{
A{aH5b+npbYnp_5bbAtptp{t}q¥jmlvul)±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nv_}n f(tn)%q5ulv_5b]l	{rmnlªuxmb
Ωn
±Èbnp_5bAtpb+¨©{Xtvb_CXb1np_5b¨©{{%¶u¥q5Hb]lonpu¥a!%npb£¨©{t	nv_b{rmnvnvbAtb)tvtp{t17
en+1out ≤ e
n + Cε. / 5±¥X10
ë©áß9ëÚï
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B  )   ©  Â  Ã#¢ )+{Xtpmuq5!np{Qnp_5b3mbAºq5u¥nvu{q / - ± Z0{}¨Snp_5bHlª{¨Ún1nvtpr5q)%npu¥{Xq¾{?bAt%nv{Xt)µ«¶b_«Cb
‖∂vTn+1T
n
v f
n
1 ‖L∞ ≤ max
(
‖∂vT
n
v f
n
1 ‖L∞, 2
`0‖T nv f
n
1 ‖L∞((Ω̃n+1)c)
)
≤ ‖∂vT
n
v f
n
1 ‖L∞ + 2
`0‖T nv f
n
1 ‖L∞((Ω̃n+1)c)
≤ ‖∂vf
n
1 ‖L∞ + C(T ) e
n,
¶_bAtpbznv_ulxlªnuq5b]wXr«}u¸noj¨©{X¥{%¶$l9¨©tp{a
‖∂vT nv f
n
1 ‖L∞ = ‖∂vf
n
1 ‖L∞
nv_5b	}¬?{%bb)lªnvua!%nvb / 5±¥X)0q / m± X0±<b))}rlvb Tn+1 muaHu¥qulv_5b)lnv_5b ‖∂x · ‖L∞ lªb)au¥¤§q5{tpaÆµZ¶b_Cb{Xqnp_5b{}np_5bAt_q
‖∂xTn+1T
n
v f
n
1 ‖L∞ ≤ ‖∂xT
n
v f
n
1 ‖L∞ ≤ ‖∂xf
n
1 ‖L∞ + ∆t|Ẽ
n|W 1,∞‖∂vf
n
1 ‖L∞.
^	_b£rq5u¸¨©{Xtva ¦9ulp_5u¸np°¬«{Xr5q / 5±  D 0¨©{t Ẽn jku¥b)lnv_5b)q
|Tn+1T
n
v f
n
1 |W 1,∞ = ‖∂xTn+1T
n
v f
n
1 ‖L∞ + ‖∂vTn+1T
n
v f
n
1 ‖L∞
≤ |fn1 |W 1,∞ [1 + C(T )∆t] + C(T ) e
n.
/ 5±¥X]0
¢ )+{Xtpmuq5!np{np_5bH¦9ulv_u¸np°muaHu¥qulv_5uq55tp{?bAtvnoj / «± L01{}¨znp_5b3uqZnvb)tv?{x%npu¥{Xql$np{Xb+nv_bAt1¶u¥nv_b]lonpu¥a!}nvb / «± L D 0µ5¶b£ºq¥j_CXb
|fn+1|W 1,∞ ≤ |Txf
n
3 |W 1,∞ ≤ (1 + ∆t/2)|f
n
3 |W 1,∞
≤ (1 + ∆t/2)|fn2 |W 1,∞ ≤ (1 + ∆t/2)|Tn+1T
n
v f
n
1 |W 1,∞
≤ (1 + ∆t/2)(1 + C(T )∆t)|fn1 |W 1,∞ + C(T ) e
n
≤ (1 + C(T )∆t)|Txf
n|W 1,∞ + C(T ) e
n
≤ (1 + C(T )∆t)|fn|W 1,∞ + C(T ) e
n.
/ 5±¥X - 0
 Â  Ã  Â   ½  ½  Ù   ½  ½  A Ù    ½ ÙÃ  mC(   ½k½ 7# d1lvu¥q5}Z}uq / m±Ñ - 0z}q« / - ± - L0µ¶blªb)b£nv_}n
|Ẽn|W 2,∞ = |Ẽ(f
n
1 )|W 2,∞ =
∥
∥
∥
∥
∫
∂xf
n
1 (·, v) dv
∥
∥
∥
∥
L∞
≤ Σv(f
n
1 )|f
n
1 |W 1,∞ ,
qu¸n¨©{X¥{%¶$l¨©tv{Xanv_bu¥qlvuxmbu¥q5b]wZr}u¸npu¥b]l{}¨ / m± - 0np_%n
|Ẽn|W 2,∞ ≤ C(T ) (|f
n|W 1,∞ + e
n). / 5±¥XAR0
  O ½   Â Ïm Â  ½ C Â  ½ A  ¯m ½   mC Á(Â  # dYlªuq5 / m±)X0S}q« / ± D 0Aµ}np_5uxlMxlªnzb)lªnvua!%nvb¥{%¶$lrlnv{!¬?{rqnv_5bxlªnu¥qZnvb)tv?{x%npu¥{Xqb)tvtp{t¬kj
‖(I − PMn
2
)T nv f
n
1 ‖L∞ ≤ ν(T
n
v f
n
1 , M
n
2 )
≤ C (1 + |Ẽn|W 2,∞) ν(f
n
1 , M
n
1 )
≤ C(T ) (1 + |fn|W 1,∞) ε.
/ 5±¥X]0
ßß ÛTää]ñªå
-    	H   #=+!3     (*   * 	'

		
  ½   ÙÃ ½½ C Â =# SMwZr5u5«b]Q¶u¥nv_nv_5b(tvu{tpu¬?{r5q«5l¨©{tnv_5b£u¥qZnpbAtp«{X}nvu{qQb)tvtp{tl / 5±¥]0¤ / m±)Z0	}q / 5±¥X]0+µ5¶bq5{%¶6¨©{m+rl{Xq
enin := ‖f(t
n) − fn‖L∞(Ω̂n). /
5±¥X6L0
Ä utplªn{}¨S}Ïµ¶b{¬«lªb)tvXb1¨©tp{a / - ± Z0np_%n Tn+1 m{kb]l	q5{}n15«b]}tuqnv_5btpb)lªnvtpu+nvu{q{}¨ fn+1 nv{
Ω̂n+1
7
(fn+1)|Ω̂n+1 = (PMn+1TxPMn2 PMn2 T
n
v PMn1 Txf
n)|Ω̂n+1 . /
5±¥XB80
¢ lMq5q5{rq+b]3uqQlvb)npu¥{Xq - ± 5µZ¶b¶tpu¸npbnv_b$u¥q«lªuxmb$b)tvtp{tnpbAtpa / m±6L0Mlnp_5b1lvr5a {}¨Onv_5tpbAb1bAtptv{XtnpbAtpa!l7 / u 0np_5bnvuaHbmulp+tpb+npu¥°]%npu¥{XqbAtptp{t
En+1t := ‖f(t
n+1) − S∆tf(t
n)‖L∞ ≤ C(T )∆t
3 / 5±¥X D 0
¶_u_ÆAq¬?bb)lªnvua!%nvb]{Xqnp_5bbAqZnpu¥tpbm{a!}uq
Ω
rlvu¥qbAaHa!!m± 5µ / uu 03lvX+bmuxlvAtvbAnvu°)%npu¥{Xqb)tvtp{t
En+1s := ‖(TxT
n
v Tx − S∆t,ε)f
n‖L∞(Ω̂n+1)¶_u_Hlªu_Znvjmu¥»?b)tpl¨©tp{a ¶_«%n¶Xltv{X«{Zlªb]uqHlvb)+nvu{q - ± Y¬5r5nzulaH{tpbtvb)¥b)CqZnnp{£{Xr5tS}ua!lAµ
q / uu¥u 0}qÆmu¸npu¥{Xq}Nv+{Xr55u¥q(npbAtpaO
En+1c := ‖TxTvTxf(t
n) − TxT
n
v Txf
n‖L∞(Ω̂n+1).
 bnv_krl	_«Cb
en+1in ≤ E
n+1
t + E
n+1
s + E
n+1
c . / 5±¥X)0¢ )+{Xtpmuq53nv{ / 5±¥XB80+µ5¶b5b)+{XaH«{Zlªb
En+1s ≤ ‖TxT
n
v (I − PMn1 )Txf
n‖L∞ + ‖Tx(I − PMn
2
)T nv f
n
1 ‖L∞
+ ‖Tx(I − PMn
3
)fn2 ‖L∞ + ‖(I − PMn+1)Txf
n
3 ‖L∞
≤ C (1 + |fn|W 1,∞) ε,
/ 5±¥C}0
np_5blªb]+{q«Hu¥q5b]wZr}u¸noj¨©{X¥{%¶u¥q¨©tp{a b)lªnvua!%nvb]l / m±)X0S¤ / 5±¥]X0}q / m±C0±S^r5tvqu¥q5(nv{3nv_5bA{r5¥uq5HbAtptv{Xt)µZ¶bnv_5b)q{X¬lvbAtpb$¨©tp{a&nv_5buq5b)tvu¥noj!{}¨
Tx
}q
T nv
nv_}n
En+1c ≤ ‖TxT
n
v Tx(f(t
n) − fn)‖L∞ + ‖Tx(Tv − T
n
v )Txf(t
n)‖L∞ ,
¶_bAtpb)lnp_5bmb+º«q5u¸npu¥{XqÆ{}¨
Tv
}q«
T nv
jku¥b)l
‖(Tv − T
n
v )Txf(t
n)‖L∞ ≤ ∆t‖Ẽ(Txf(t
n)) − En‖L∞ |Txf(t
n)|W 1,∞ .
dYlªuq5!np_5bAq / m±)L0¤ / m±) D 0µ?¶b(_Cb ‖Ẽ(Txf(tn)) − En‖L∞ ≤ C(T )(en + ε) µ«¶_5u¥b / «± L D 0µ/ m± X0£q / m±]0£Xu¥Xb |Txf(tn)|W 1,∞ ≤ C|f(tn)|W 1,∞ ≤ C(T ) ±,F%nv_bAtpu¥q5nv_b)lvbb]lonpu¥a!}nvb)l)µ¶blªb)b£nv_}n
En+1c ≤ e
n(1 + C(T )∆t), / m±]510
¶_u_nv{Xb+np_5bAt¶u¥nv_ / m± D 0o¤ / m±]0jku¥b)5l
en+1in ≤ e
n(1 + C(T )∆t) + C(T )[∆t3 + ε (1 + |fn|W 1,∞)]
/ nv_5bA{qlªnpqZnpl}xlv{mb)«b)qmuq5!{qnv_bu¥q5u¥nvux}lª{X¥rmnpu¥{Xq f0 0±
ë©áß9ëÚï
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  Ã Â   ½  Â0Â  #®Ä tp{a np_5b5tpu¥{Xtvub]lonpu¥a!%npb)l£{}¨¬«{nv_ {rmnvnvbAt / m±0£quqlvumbbAtptp{tl
/ }¬?{%bB0µm¶bYº«q
en+1 ≤ en(1 + C(T )∆t) + C(T )[∆t3 + ε (1 + |fn|W 1,∞)] / 5±¥C0
q¶ba!Cj}xlv{tpb))} / m± - 0H7
|fn+1|W 1,∞ ≤ |f
n|W 1,∞(1 + C(T )∆t) + C(T )∆t e
n. / 5±¥C - 0<b]A}r«lªb!lplvr5aHmnvu{q / - ±  80£u¥aH5ub)l ε ≤ ∆t2 µº«tplªnF£tv{Xqk¶¥S}tprab)qZn55u¥b]Ènv{ en+1 +
∆t|fn+1|W 1,∞
jZubAx5l
supn≤N (e
n + ∆t|fn|W 1,∞) ≤ C(T )∆t.
4§n$¨©{X¥{%¶$l	np_%n
|fn|W 1,∞
uxl$r5qu¸¤
¨©{XtvaHj¯¬?{r5q5b):µ$lv{ nv_}n¶b¾)}qÇ}5¥j  lªb]+{q« F£tp{qk¶	}$}tpr5aHbAqZnHnv{ / m±]X0!}q·ºq«b]lonpu¥a!}nvb / - ± L0µ5¶_u_ÆbAq«5lnv_5btv{k{}¨o± 2
   Æ# 	+(, *,*
 bnvb)lªnvb]K{Xr5t!lv_bAaHb¶u¥nv_·nv_5b¾AXlvlvu)}	lªb)aHu¸¤§Xrlvlvux}q ¬?b)}a lvua(r5x%npu¥{Xq9µz¶_5ux_Kuxl ² q5{%¶q
np{QmbAXbA{nv_u¥qlªnvtprnpr5tpb)luqÆnv_5b(5_lvblvAb± <b]A}r«lªbnp_5brlvr}0u¥q5u¥nvux}lªb)aHu¸¤§Xrlvlvux}q%np
fsg := a exp(−(v/b)2)  [−c,c]×R
ulq5bAu¥nv_bAt+{qZnpu¥qkr5{XrlAµCq5{Xt0_Xl$¬«{Xr5qmb](lvr55?{tvn)µC¶btvb)5x+b]
u¥n$¶u¥nv_
f0 := a exp(−(v/b)
2)ρ(x, v) ' fsg,¶_bAtpb
ρ
uxl +{XaH+nvj.lvr55?{tvnvb]
W 2,∞
55tp{C´kua!%npu¥{Xq {}¨ 
[−c,c]×R
± Èb¾lvb+n
a = 5.794
µ
b = 0.122
}q
c = 0.172
± Èb}xlª{+xlplªuxA¥jX5mb]}q !q5b(bA´ZnpbAtpq}bAb)+nvtpuºbAx
Eext(x)np{5tpbAXbAqZn$np_5b(5xlva!!¨©tp{a muxlª?bAtlªuq5nv{k{a3r_9±  b(tvb]lªb)qXn£¬«b)¥{%¶Q¨©bA¶tpb)lvr5¸nl1Xu¥XbAq¾¬kj
¬?{}np_Q5mnvub$qr5q5u¥¨©{tpa lp_5b)ab]l7)+{tmuq5£nv{np_5b$¬q+uq5{}¨Onp_5b$a!}uq!bAtptv{Xtb)lªnvuaH}nvb]lAµ
¶b¥bAn
h = ∆t3/2
¨©{t£nv_5bHr5qu¸¨©{Xtvaglv{rmnpu¥{Xql
fnu,h
q
ε = c∆t3
¨©{t£nv_5b!X5}mnpu¥Xb({Xq5b)l / ¶u¥nv_
c = 320
0± Ä {Xt5tpXnpu)}Otvb]lv{ql)µk¶buaH«{Zlªb]np_5b+{Xqlªnvt}uqXnnv_«%nnv_b¥b)bAxl	{}¨nv_b+bAxl	q5bAXbAt
bA´5+bAb] ¾5tpb)lp+tpu¥¬?b)
L = 10
±hku¥q«+bQnp_5bbA´5nlª{X¥rmnpu¥{Xq
f
ul(r5q ² q5{%¶q9µnv_b)+r5tAj{}¨np_5b
lv{rmnpu¥{Xql_lH¬?bAb)q b)%}r%npb)·rlªuq5 nv_brq5u¸¨©{Xtva lª{X¥r5nvu{q
fL := fh(L)
A{aH5rmnpb) ¶u¥nv_ nv_5b
º«q5b)lªnlªX+bHlonpbA
h(L) := 2L = 1/1024 / ¬«b]ArlªbH{¨Mnv_btpXnvuxAS+{q«lonptpu¥qZn{qÈnv_5bHbAb)S{}¨np_5bAbAl)µ¶ba!CjÈq5{nvux+b!np_%n
fL
uxl(}xlv{ub)q ¬ZjÈnv_bX5}mnpu¥XbQlv_bAaHb¶_5b)q
ε = 0
0± Èb
lv_5{Xr5Hlv{ab)qZnvu{qnv_}nSnv_5bYlv_5b)aHbu¥aH5bAaHbAqZnpb)H%nznp_5b5tpb)lvbAqZnMlªnp}Xbmu¸»ObAtlSuq!lª{Xab?{uqZnpl
¶u¥nv_nv_5b{qbmb]lvAtvu¬?b)¾uqnp_5uxl£tªnpuA¥bX±C4êqtªnpuAr5t)µ«nv_bXmb]nvu{qÈlv_5b)aHb3m{kb)l£q5{nY¨©{X¥{%¶
uqÆ5tnpuAb£nv_5bnpu¥aHblv5¥u¥nªnpu¥qQlv_5b)aHb
S∆t
¬5rmn$t%np_5bAtr«lªb]l!lªuq5b£nvt}qlv?{tvn	{X«b)tp}nv{Xtuqnv_5b
(x, v)
lvAb±(c1bAb)tªnp_5bAb)lpl)µ?¶b¬«b)¥ubAXb3np_%nlvu¥q«+b3nv_5b ² b)jÆ¨©b)}nvr5tpb3{¨{Xr5tlv_5b)aHb3uxl£u¸nlab]lª_
b){X¥rmnpu¥{Xqlªnvt%npbAjXµknv_5b]lªb_q5b]l{q5j_CXb£Hlva!}:b+»Ob)n${Xqnv_5bqkr5aHbAtpuxA}Otpb)lvr5¥npl)±
B 5   Â   Â  ½  	5m 	 © ¿ # <b]A}r«lªb	np_5bYlp_5bAaHb$uxlq5{}nA{qlvbAtp%%npu¥Xbµu¥n¶	lzu¥qZnvb)tvb]lonpu¥qnv{(lvbAb
_{%¶¶bA / {Xt_5{%¶¬«0£np_5b!a!lpl{}¨nv_blª{X¥r5nvu{qluxl5tpb)lvbAtpb]uq 5tpXnpuAb / ¨©tv{Xaguq5b)wZr¥u¥noj
/ m±) - 0µ5¶b ² q5{%¶ nv_}nnv_5uxl	ul	tpbAx%npb)Qnv{nv_5bqkr5aHbAtpuxA}9XAAr5tpX+j+0±YqQº«r5tpbkµknv_5bb){X¥rmnpu¥{Xq{¨nv_5bX¥{X¬}0aHXlvl$tp}nvu{
‖fN‖L1/‖f
0
L‖L1
uxl$¥{nªnvb]¾}Z}uqlon
T = N∆t
¨©{tYmu¸»ObAtpbAqZn1%¥r5b]l${¨
∆t / b+¨ÚnH0µS}q« }Xu¥q«lonnv_blªu°Ab N {}¨	nv_blplª{mAu}nvb)ÈaHb)lv_5b)l¨©{t¬?{}np_¯5mnvubQq r5q5u¥¨©{tpalv{rmnpu¥{Xql / tvu_Zn0+± 4êq¬«{nv_È)lvb)l1¶b3{¬lvbAtpbnp_%nYnv_5bX ² {¨M+{Xqlªb)tv%}nvuZu¥nojnvbAq«5l$np{°)bAtp{lnp_5blvu¥°)b£{¨0np_5baHb)lv_5b)luqAtvb]lvb)l)±
ßß ÛTää]ñªå
- L   	H   #=+!3     (*   * 	'

		
   ½  Ù X 	5   0%5  ¿ # YqÆºr5tpbL5µ«np_5b35ulªnpq+b3¬«bAno¶b)bAq
fN
}qÆnp_5b Nv}5tv{Z_5b]bA´5n
lv{rmnpu¥{XqRO
fNL
uxlz¥{nªnvb]Hu¥qH{¤E{lpA}b$}Z}uqlªn
∆t
±?AYulªnpq+b]lz}tpbmtpC¶qHuq
L∞ / b+¨ÚnH0z}q« L1 µ
L2 / tpu_Zn0	uq¾{tmb)tnv{QXbAtpu¸¨©jnv_}n1{rtYlªnvt%nvb)jlv{Q_u¥b)b)l$q5uAb(+{XqkbAtpb)q+b£t%nvb]l$uqÆnv_5b]lªbaHbAnvtpu)lA±^	_5b(+{XaH5rmnvb]Æ¥b]lªn1lvwZrtvblv¥{X«b]l$}tpblv¥u_Znvj¬?b+nvnvb)t$nv_«}q¾b+´m?b)+nvb)¨©tp{a b)lªnvua!%nvb
/ - ± L0+±
   ¯ S  Â   ½  © ¿ # 4êq{Xtp5bAtnv{H}55t}uxlvb$nv_bYtpbAbA%}q«+b£{}¨lvb)+nvu{q - ± mµ5}qu¥q}tvnvux+r5x}t
b]lonpu¥a!}nvb / - ±Ñm60+µS¶bQtpbAtvb]lªb)qXnpb) {q¯ºr5tpb>8np_5b L∞ bAtptv{Xt}Xu¥q«lonnp_5bA{aH5rmn%npu¥{Xq}Snpu¥aHb
/ ¥bA¨Ún0}q«!nv_b£lvu¥°)b1{¨9nv_5b£aHb)lv_5b)l / tvu_Zn0z¨©{t	lvbAb)tpbA´kb]+rmnpu¥{Xql{}¨0¬?{}np_}mnpu¥XbY}q«Qr5q5u¥¨©{tpalp_5b)ab]lA± 21bAtpb¾nv_b mb]+uxlªu{qnp{¯tpbA5xAb¾nv_5bÈb+´5+n
f(T )
¶u¸np_
fNL
A{aH5rmnpb)Ç{XqÇnv_bºq5b]lon
rq5u¸¨©{Xtva aHb)lv_{¨:¥b)bA
L
a3rlªnM¬«b$5ulp+rlplvb) 7u¸nzuqmb)b)H{%XbAtlon%nvb]lnv_5b$XA+rtpX+j{¨«np_5b1}mnpu¥Xb
lv{rmnpu¥{Xql
fN
np_%n}tpb1XbAtpjHA¥{Zlªb1nv{
fNL
±Sc1b+´kn	nv{3nv_5b£¬5x ² ¬«{C´mb]lMnp_%n	tpbA5tpb)lvbAqZnMnp_5bmulªnpq+b
 1
 1.01
 1.02
 1.03
 1.04
 1.05
 1.06
 0  1  2  3  4  5
∆t = 0.05    
∆t = 0.033  
∆t = 0.025  
∆t = 0.02    
∆t = 0.016  
∆t = 0.0125
 0.98
 0.99
 1
 1.01
 1.02
 1.03
 1.04
 1.05
0.0e0 5.0e4 1.0e5 1.5e5 2.0e5 2.5e5 3.0e5
uniform 
adaptive 
Ä ur5tpb 7Sa!lpltp}nvu{ml)±nvuab
T
¨©{t$X5}mnpu¥Xb£lv{rmnpu¥{Xql / b+¨ÚnH0	}qmlA±aHb)lv_ÆA}tmuq}u¥noj N ¨©{t¬?{}np_Ær5q5u¥¨©{tpa&}qÆX5}mnpu¥Xb£lv{rmnpu¥{Xql%n
T = 4.5 / tpu¥X_Zn0±
-8
-7.5
-7
-6.5
-6
-5.5
-5
-4.5
-4
-3.5
-3
-4.4 -4.2 -4 -3.8 -3.6 -3.4 -3.2 -3 -2.8
L∞ error, T=4.5
T=1.5
-8
-7
-6
-5
-4
-3
-2
-1
-4.4 -4.2 -4 -3.8 -3.6 -3.4 -3.2 -3 -2.8
L1 error, T=4.5
T=1.5
L2 error, T=4.5
T=1.5
Ä ur5tpbML+73+{qkXbAtpbAq«+bHtp}nvb]lA±>Sztvtp{t¬?b+no¶bAb)q
fN
}q«
fNL
u¥q
L∞ / ¥bA¨Ún0(}q L1 µ L2 aHb+nptvuxAl
/ tvu_ZnH0Mml)± ∆t uq{¤E{lv)}b1¨©{Xt T = 1.5 / lv{?b)l}tpb 2.44, 2.61 q 2.48 tpb)lv9± 03}q« T = 4.5
/ lª{?b)ltvb 2.55, 2.33 q 2.33 tvb]lª9± 0±
ë©áß9ëÚï
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-6
-5
-4
-3
-2
-1
 0
 10  11  12  13  14
uniform (corr.)
ad. corrected
adaptive
-6
-5
-4
-3
-2
-1
 0
 1  1.5  2  2.5  3  3.5  4  4.5  5  5.5  6
uniform (corr.)
ad. corrected
adaptive
Ä ur5tpbC8 7
L∞
bAtptp{tlzmlA±aHb)lv_)}tmuq}u¸noj
N / b+¨ÚnH0}q+5rnvuab£uqaHu¥qkrmnpb)l / tpu_Zn0Mu¥q¥{X}¤§¥{XlpA¥b£¨©{Xt¬«{nv_¾5mnvub}q«rq5u¸¨©{Xtva lª{X¥rmnpu¥{Xql)±
ẽN = ‖fN − fNL ‖L∞
µ¶bnp_5bAtpb+¨©{Xtvb5{}nªnpb) uq ¶_u¸npb¬?{C´mb)l£np_5b 	H	'  wZr}qZnvu¥nvub)l
ẽN + ẽ
µ
¶_bAtpb
ẽ
ul(tpb)Xlª{Xq}¬¥bb]lonpu¥a!%npb$¨©{Xt
‖fNL − f(T )‖L∞
{X¬mnpu¥q5b]XlS¨©{{%¶$l7¬«b]Arlªb1nv_5b£bAtptp{tl
‖fNh(`) − f(T )‖L∞
tvb]lªr5¥nvuq5¨©tv{Xa/nv_b!r5q5u¥¨©{tpaglv_bAaHb5b)ACj¾XbA{XabAnvtpu)}¥j¾¶u¥nv_
`
µ:np_5bAjÈ}tpb
{¨nv_5b lvab{tmbAt!np_}q nv_5b }55tp{XX_5b)·{qb)l
‖fNh(`) − f
N
L ‖L∞
¶_5bAq
` ≤ L − 1
µ$lv{ nv_«%n
¶bºq
ẽ
¬kj¯bA´Znptp«{X}nvuq5Ènv_5{ZlªbMNv+{Xtplvbtpu5l O55tp{X_b)¯b)tvtp{tl)± ^	_5uxlHuq·npr5tpq ¬?{rq5l
np_5bÈXAAr5tpX+j·{}¨nv_5b 5mnvubÈlª{X¥rmnpu¥{XqlQ¬kj}¬?{%bXµ    :	'1*R  R  E   
 	 K*+
fL
*  C !@ B
!@EH!!H # !H(M()  *>  @!*
#,H! 
	K
	H# 
! µb]lª?b)Au¥j¶_5b)q
aHb]lvr5tvuq5nv_b(+{Xarmnp}nvu{q:nvuaHb± ¢ qkjk_5{%¶µmnp_5btpb)lvr5¸npu¥qNªA{tptvb]nvb]b)tvtp{tml)±)}tmuq}u¸nojO
Ar5tpb)lmb))Cj3¶u¥nv_(lv¥{X«b1{}¨¬«{XrmnM¤ê5±P8£uqQ¥{X}¤§¥{Xlv)}bµZ¶_5ux_+{XqmºtpaHlb)lªnvua!%npb)l / - ±  D 0z}q«
/ - ±Ñm60+±~{q«+bAtpq5uq5Qnp_5bHlvCkuq5Xl)µ«¶bH}xlª{lªb)b(np_%n¨©{tubAqÈAAr5t+jXµ?nv_5br5q5u¥¨©{tpa/aHb)lv_5b)ltvbH}¬?{r5n]nvuab]ll£¬5uXlYnv_5b!}mnpu¥Xb3{Xq5b)l)±3^	_5uxlt%nvu{uxlr5qm¨©{Xtªnpr5q}nvbAj¾q5{nX_5ubAb]
¶_bAq+{Xqlvumb)tvuq5nv_b(+5rÆnpu¥aHb]lAµ«¶_5u_¾uxl$a!u¥q5j5r5bnv{Qnv_5b¨ÙXn$np_%n1nv_5b(X5}5nvubaHb+nv_{k
5jZq«}aHu)}¥jÆa!}q«}b]l$nptvb)blªnvtpr+nvr5tpb)ab]lª_b)l}q_lYnp_5bAtpb+¨©{Xtvba!}qkjÆ{%bAtp_5b]5lY+{aHtvb]
np{nv_5b!r5qu¸¨©{Xtva {q5bX± Ä {tuqlªnp}q«+bµ0nv_5bQA5r nvuaHb!tp}nvu{A{tptvb]lª?{q5u¥q5nv{¾MNv+{Xtvtpb)+nvb)bAtptv{Xt O
{¨
0.084 ' e−2.47
ulY{q¥j¾{¨z±Ñm±^	_5uxl1t%np_5bAtmuxlv5«{Xu¥qZnpu¥q5{¬lvbAtp%%npu¥{Xqlª_5{Xr5x¾q5bAXbAtvnv_5b)¥b]lvl
¬?bQaH{mmbAt%npb) ¬kjnp_5b!¨ÙXnnp_%n(¶bAbAtvnp}uq5jÈmux.q5{n(u¥aH5bAaHb)qXn3{r5t(lp_5b)abu¥q¯q {Xmnvua!}
¶	Cjµ9qÈ¬Zjnv_5bH¨ÙXnnv_«%n¶bHuaH«{Zlªb]Èa!%´muaHS¥b)b)z+{q«lonptpu¥qZn{qÈnv_5bQAbAl)± Èbºq¥j
tpbAtvb]lªb)qXnpb)!{XqQºXr5tpb D nv_5baHb)lv_5b)l
MN
ub)qQ¬kjHnv_5bX5}mnpu¥XbYlp_5bAaHb / ¶_5b)q ∆t = 0.05 }q
ε
l}¬?{%bB0:np{bAnv_5b)t¶u¸np_(np_5{Xlvb
Aε(f
N
L )
{¬mn}uq5b)3¬kj=NªA{aH5tpb)lplªuq5OM{Xr5t¬«b]lonzrq5u¸¨©{Xtva lª{X¥rmnpu¥{Xq
fL
±   *R ! !'*+ 6G! K*+  	=!	'   C
 
	 H! # 
!'*+
!6&*R(* 	'C
	M  B!C E *"  #, 
! 2
    
    M A9 9 	  M
¦0b+n
(x, v)
¬«bº´kb]u¥q
R2
±Mhku¥q«+b
f
uxl+{Xqlªnp}qZn$}{q(np_5b_}t+nvb)tvuxlonpu)lAµk¶b_Cb
f(tn+1, x, v) = f(tn, X(tn), V (tn))
ßß ÛTää]ñªå
-D   	H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    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Ä ur5tpb D 7	+{XaH}tpulv{qÆ{¨np_5b(aHb]lª_5b]l$tpb)lvr5¥nvuq5H¨©tv{Xa&np_5b3X5}5nvublp_5bAaHb / r5 0$qÆ¨©tp{a nv_5bA{aH5tpb)lplªu{q
Aε
{¨np_5bQº«q5b)lªn3r5qu¸¨©{Xtvalª{X¥r5nvu{q / ¬?bA{%¶=0µS}n T = 0.05 / b+¨ÚnH0(q T = 10.05
/ tvu_ZnH0±
¶_bAtpb
(X, V )(s) = (X, V )(s; tn+1, x, v)
uxlHnv_5bÈu¥qZnpbAt}$Ar5tpblv{rmnvu{q{}¨ / ± 0Hnv_}nlv}nvuxlo¤º«b)l
(X, V )(tn+1) = (x, v)
± Yq·nv_5bÆ{nv_5b)t!_}q9µmb)q5{}npu¥q ¬kj
Xn
q
V n
nv_5b¨©bAbAnQ{}¨£nv_5b
qkr5aHb)tvuxA	_«}tnpbAtpulªnvuxAl
X̃(tn; tn+1, x, v)
}q
Ṽ (tn; tn+1, x, v)
mb+º«q5b) uq / m±Ñ80µ¶bÆ_CXb
S∆tf(t
n)(x, v) = f(tn, Xn, V n)
± ¢ AA{tmu¥qnv{3¥b)aa!Hm± - µ
f(tn)
ul¦9ulp_5u¥nv°YXllv{k{qXl
f0
uxlAµ
q
‖f(tn+1) − Sf(tn))‖L∞(Ω) ≤ |f(t
n)|W 1,∞(Ω) (|X(t
n) − Xn| + |V (tn) − V n|)
≤ C(T ) max (|X(tn) − Xn|, |V (tn) − V n|) ,
ë©áß9ëÚï
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 "!# $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	'()!
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lv{nv_}n$¶btvb£¥bA¨Ún$nv{H5tp{%b
max
(
|Xn − X(tn)|, |V n − V (tn)|
)
≤ C(T )∆t3. / 8m±¥C%R0
AYbAq{}nvuq5
EX(t) := E(t, X(t))
nv_5bb+´5+n£º«bAx }{q5nv_bQ_}t+nvbAtpuxlonpu+r5tpbXµ0¶bHrlªbQXu¥q
bAaHa!Y5± - nv{Xb+np_5bAt¶u¥nv_3nv_5b	_}t+nvb)tvuxlonpub]wZr%npu¥{Xq / X± 0:np{Y¬?{r5q«nv_bM¨©{X¥{%¶u¥q$nvuaHb5bAtpu¥%%¤npu¥Xb)l / ¨©{t$+{Xq+uxlvb£q{}np}nvu{ql)µknv_b ‖ · ‖∞ q5{tpa³_5b)tvbmb)q5{}npb)l ‖ · ‖L∞([0,T ],L∞([0,1])) 0
‖EX‖L∞([0,T ]) ≤ C(T ) / 8m±¥C0
‖ĖX‖L∞([0,T ]) ≤ ‖∂tE‖∞ + ‖V ‖L∞([0,T ])‖∂xE‖∞
≤ ‖∂tE‖∞ + Q(T )‖∂xE‖∞ ≤ C(T )
/ 8m±¥CL0
‖ËX‖L∞([0,T ]) ≤ ‖∂
2
ttE‖∞ + 2‖V ‖L∞([0,T ])‖∂
2
txE‖∞
+ ‖V 2‖L∞([0,T ])‖∂
2
xxE‖∞ + ‖E‖∞‖∂xE‖∞ ≤ C(T ).
/ 8m±¥C80
 bmb]+{aH?{Xlvb1np_5bAq
Xn − X(tn) = X(tn+1) − X(tn) − v∆t + ∆t2/2 Ẽ(Txf(t
n))(x − v∆t/2)
= E1 +
∆t2
2
(E2 + E3),
¶u¥nv_
E1 := X(t
n+1) − X(tn) − v∆t + ∆t2/2 EX(t
n+1/2)
E2 := E(t
n+1/2, x − v∆t/2) − EX(t
n+1/2)
E3 := Ẽ(Txf(t
n))(x − v∆t/2) − E(tn+1/2, x − v∆t/2)
q
tn+1/2 = (n + 1/2)∆t
±Shmu¥aHutvjµ
V n − V (tn) = V (tn+1) − V (tn) − ∆t Ẽ(Txf(t
n))(x − v∆t/2)
= E4 + ∆t(E2 + E3)
¶u¥nv_
E4 := V (t
n+1) − V (tn) − ∆tEX (t
n+1/2).4§n$tpbAa!u¥qlnp_5bAqnv{!tv{%Xb
|E1| ≤ C(T )∆t
3, |E2| ≤ C(T )∆t
2, |E3| ≤ C(T )∆t
2 and |E4| ≤ C(T )∆t
3.
ßß ÛTää]ñªå
Z   	H   #=+!3     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Ä {t	np_5bºtlon	nvb)tvaÆµ5¶b_Cb
E1 =
∫ tn+1
tn
(V (t) − v) dt + ∆t2/2 EX(t
n+1/2)
=
∫ tn+1
tn
(V (t) − V (tn+1)) dt −
∫ tn+1
tn
intt
n+1
t EX (t
n+1/2) ds dt
=
∫ tn+1
tn
intt
n+1
t (EX (t
n+1/2) − EX(s)) ds dt.
Ä tv{Xa / 8m±¥CL0+µ5¶blvbAbnp_%n
|EX (t
n+1/2) − EX(s)| ≤ |ĖX |L∞([0,T ])|t
n+1/2 − s| ≤ C(T )∆t,
¶_u_jku¥b)5l
|E1| ≤ C(T )∆t3
± Ä {t	np_5blªb]+{XqQnpbAtpaÆµm¶b¶tpu¸npb
|E2| =
∣
∣E(tn+1/2, x − v∆t/2) − E(tn+1/2, X(tn+1/2))
∣
∣
≤ ‖∂xE(t
n+1/2)‖L∞([0,1])|X(t
n+1/2) − x + v∆t/2|
≤ C(T )|X(tn+1/2) − X(tn+1) + v∆t/2|
≤ C(T )
∫ tn+1
tn+1/2
|v − V (t)| dt
≤ C(T )
∫ tn+1
tn+1/2
|V (tn+1) − V (t)| dt
≤ C(T )‖EX‖L∞([0,T ])∆t
2 ≤ C(T )∆t2
¶_bAtpb!nv_5uxlxlªn(uq5b)wZr¥u¥noj.+{aHb]l¨©tp{a / 8k±]X0± ~{Xqlvumb)tvuq5Ænp_5bAq np_5bQnp_5utp npbAtpaµ¶bQ_CXb¨©tp{a / m±)0	}q / 5±  - 0
|E3| =
∣
∣
∣
∣
∫
K(x − v∆t/2, y)
∫
[f(tn, y − v∆t/2, v) − f(tn+1/2, y, v)] dv dy
∣
∣
∣
∣
≤
∫
∣
∣
∣
∣
∫
[f(tn, y − v∆t/2, v) − f(tn+1/2, y, v)] dv
∣
∣
∣
∣
dy =
∫
∣
∣
∣
∣
∫
A(y, v) dv
∣
∣
∣
∣
dy
/ 8m±¥C D 0
¶_bAtpb
A(y, v) := f(tn, y−v∆t/2, v)−f(tn+1/2, y, v)
µ)nv_bzu¥qb)wZr}u¥nojY+{XaHu¥q5¨©tp{a
‖K‖L∞([0,1]) ≤
1
± A1b)q5{}npu¥qtpb)lv«b]nvub)¥j
ts := t
n + ∆t/2 − s
q
ys(v) := y − vs
¨©{tYA{qAulvbq5{np}nvu{ql)µ¶b
np_5bAqÆ{X¬lªb)tvXb1np_%n
A(y, v) =
∫ ∆t/2
0
d
ds
f(ts, ys(v), v) ds
=
∫ ∆t/2
0
−(∂tf + v∂xf)(ts, ys(v), v) ds
=
∫ ∆t/2
0
B(s, y, v) ds,
ë©áß9ëÚï
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¶u¥nv_
B(s, y, v) := −E(ts, ys(v))∂vf(ts, ys(v), v)
µ9np_5uxlXlonb]wXr«}u¸nojA{aHu¥q¨©tp{a/np_5bH­1xlv{%
b]wZr%npu¥{Xq9±c1{%¶µ}u¥q«lonpb)({}¨?¶tvu¥nvuq5£5u¥tpb)+na!}|o{t%nvu{qnv_}n¶{r(ub
|E3| ≤ C(T )∆t / ¶_u_uxl	q5{n$bAq5{Xr5_ 0+µm¶buqZnvbAXtp}nvb¬kjQtªnl
∫
s∂xE(ts, ys(v))f(ts, ys(v),v) dv = −
∫
d
dv
[∂xE(ts, ys(v))]f(ts, ys(v), v) dv
=
∫
E(ts, ys(v))
d
dv
[f(ts, ys(v), v)] dv
=
∫
E(ts, ys(v)) · (−s∂xf + ∂vf)(ts, ys(v), v) dv,
¶_u_jku¥b)5l
∫
B(s, y, v) dv = −s
∫
[∂xE(ts, ys(v))f(ts, ys(v), v)
+ E(ts, ys(v))∂xf(ts, ys(v), v)] dv.
Ä tv{Xa³bAaHa!H5± - µ5u¸n$uxl	np_5bAq¾lvbAbAqnv_«%n
∣
∣
∣
∣
∫
A(y, v) dv
∣
∣
∣
∣
=
∣
∣
∣
∣
∣
∫ ∫ ∆t/2
0
B(s, y, v) ds dv
∣
∣
∣
∣
∣
≤ ∆t sup
|s|≤∆t
∣
∣
∣
∣
∫
B(s, y, v) dv
∣
∣
∣
∣
≤ ∆t2
∫ Q(T )
−Q(T )
C(T ) dv ≤ C(T )∆t2,
¶_u_nv{Xb+np_5bAt¶u¥nv_ / 8k±] D 0jkubAx5l |E3| ≤ C(T )∆t2 ± Ä {Xt	nv_5b¨©{Xr5tvnv_nvbAtpaÆµ5¶bYº«q}¥j_Cb
E4 = V (t
n+1) − V (tn+1/2) + V (tn+1/2) − V (tn) − ∆tEX(t
n+1/2)
=
∫ ∆t/2
0
[EX(t
n+1 − t) + EX (t
n + t)] dt − ∆tEX (t
n+1/2)
=
∫ ∆t/2
0
[EX(t
n+1 − t) − EX (t
n+1/2) + EX(t
n + t) − EX(t
n+1/2)] dt
=
∫ ∆t/2
0
int
∆t/2
t [ĖX (t
n+1 − s) − ĖX (t
n + s)] ds dt,
¶_u_jku¥b)5l
|E4| ≤ ∆t
3‖ËX‖L∞([0,T ]) ≤ C(T )∆t
3
XAA{tmu¥q(np{ / 8k±]8B0+µ5qnv_5b5tp{k{}¨ulA{aH5b+nvbX± 2
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$b)A¥uq5nv_}n£np_5bQ+{Xqlªnvtprnpu¥{XqÈ{¨
T(M,F)
a! ² b)l£rlvb!{}¨nv_5b!¬« ² ¶tp¥b)bA
`∗
mb+º«q5b) uq
/ - ± -- 0+µSu¸nHuxl(tpb)Xmu¥j.lªb)bAq np_%nH}qkj AbA α uq¯np_5buqZnvbAtpaHb)mux%npb / q5{q¯XtpXmb) 0aHb)lv_ T̃(M,F)lp%npulªºb]l
`∗(M,F , α) ≤ `(α). / 8k±]0
ßß ÛTää]ñªå
k   	H   #=+!3     (*   * 	'

		
^	_ulMu¥qH¨ÙXnlv{_5{x5lz¨©{tznp_5b1AbAlM{}¨
T(M,F)
± Ä {tztv{%kuq5nv_5uxl)µXb+n
α
¬«bY+b)¥«{}¨
T(M,F)\
T̃(M,F)
µqÆmbAq5{nvb¬kj
α̃
u¥nplr5quwZr5bq+b]lonp{tnv_}n$¬«b)¥{Xq5Xlnp{
T̃(M,F)
±Ètpu¥nvuq5
(x∗, v∗) := F−1(cα) = (xα, vα − G(xα))
(x̃∗, ṽ∗) := F−1(cα̃) = (xα̃, vα̃ − G(xα̃)),
/ 8m±¥ - 0
¶ba(rlªn1lv_5{%¶Çnv_«%n1}qkj
η ∈ M
+{XqXn}uq5uq5
(x∗, v∗)
lv}nvuxloº«b)l
`(η) ≤ `(α), / 8k± - 10
¶_u¥b$u¥nMulztvb]mu¥jlªb)bAq¨©tp{a / 8k±]0S}5¥ub)np{ α̃ nv_«%nqZj η̃ ∈ M A{qZnpu¥qu¥q5 (x̃∗, ṽ∗) lp%npulªºb)l
`(η̃) ≤ `(α̃). / 8k± - 0
¢ )+{Xtpmuq53nv{ / 8m±¥ - 0+µ5¶bYº«tplªn_Cb
x∗ = xα ∈ αx ⊂ α̃x ⊂ η̃x, / 8m±¥ -- 0
¶_bAtpb£¶b_Cb£rlvb) / 8m±¥ - 0¨©{Xt	nv_5bxlªnu¥qA¥r«lªu{q9± Y¬«lªb)tvkuq5(np_%n
max(|xα̃ − xα|, |vα̃ − vα|) ≤ (2
−`(α̃) − 2−`(α))/2,
¶b+{Xarmnvb
|ṽ∗ − v∗| ≤ |vα̃ − vα| + |G(xα̃) − G(xα)|
≤ |vα̃ − vα| + |xα̃ − xα|/2
≤ (2−`(α̃) − 2−`(α)) · 3/4
< 2−`(α̃)(1 − 2−(`(α)−`(α̃)))
< 2−`(η̃)(1 − 2−(`(α)−`(α̃))),
/ 8m±¥ - R0
¶_bAtpbnp_5b1lvb)A{quq5b)wZr¥u¥noj(+{XaHb)l¨©tp{a / ± D- 0}q3nv_b$Xlonz{Xq5b$+{XaHb)l¨©tp{a / 8k± - 0+±54êqQlª{XaHblvbAq«lªbXµnp_5b(tpbAx%npu¥{Xql / 8k± -- 0Y}q« / 8m±¥ - 0bA´m5tvb]lvl$nv_}n η uxl  q5{n1nv{k{!¨Ùt«¨©tp{a η̃ ± ¢ q¶b3A}q{X¬lvbAtpbnv_}nMnp_5b1bAXbA5{¨
η
uxlMa!}´kua!}5¶_bAq!np_5b1XtpX5%npu¥{Xq3{¨
M
uxllp%npr5tp}nvb]tv{Xr5q
η̃
7aH{Xtvb
tvb]+uxlªb)¥jXµm¬«b]A}r«lªb / 8m±¥ - 0tpb)X5l
2`(η̃)|ṽ∗ − v∗| <
1
2
+
1
4
+ · · · +
1
2`(α)−`(α̃)
,
¶bY)}q_5b) ² {qºrtvb£np_%n	¶b£_CXb
`(η) ≤ `(η̃) + `(α)− `(α̃).
^{Xb+nv_bAt¶u¸np_ / 8k± - 0µknv_ulº«q}¥jjZubAx5l / 8k± - 10±
c1{%¶¥bAn
(x, v)
¬?b3lvr_¾np_%n
F(x, v) ∈ α
±^	_5b(Z}aHbq5{%¶ A{qlvuxlonl${}¨Mlv_5{%¶uq5!np_%n
(x, v)uxl  q5{}nnp{Z{¨Ùtk¨©tp{anp_5b+b)¥
η
mbAºq5b)Æ¬«{%Xb±z~¥b]}tp¥jXµm¶b_CXb
x ∈ αx and |v + G(x) − vα| ≤ 2
−`(α)/2, / 8m±¥ - 0
ë©áß9ëÚï
 
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()!
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qu¸n¨©{X¥{%¶$l¨©tv{Xanv_b5tvb)ku¥{Xrl	mulp+r«lvlvu¥{Xqnp_%n
αx ⊂ ηx
µlv{nv_}n
x ∈ ηx. / 8m±¥ - L0
dYlªuq5!}Z}uq / ± D- 0Aµm¶b£np_5bAqA{aH5rmnpb
|v − v∗| = |v − vα + G(xα)|
≤ |v + G(x) − vα| + |G(xα) − G(x)|
≤ (2−`(α) + |xα − x|)/2
≤ 2−`(α) · 3/4
≤ 2−`(η) · 3/4,
/ 8m±¥ - 80
¶_bAtpb1np_5bXlonuq5b)wZr¥u¥nojQ}Z}uqA{aHb)l¨©tp{a / 8k± - 0A±Mhkuq+bqZjQAbA β ∈ B(M,F , α) +{XqXn}uql
(x, v)
µ	¶bAq·XbAtpu¸¨©j np_%n
#(B(M,F , α))
ul!a!}´kua!}¶_5b)q nv_5b¾XtpX5%npu¥{XqK{}¨Ynv_5b¾aHb]lª_uxl
lp%npr5t%nvb]H}tp{r5q
η
µk¶_5ux_!ul}Xu¥qnp_5bYA{qmºXr5t%nvu{qHtpbA5tpb)lvbAqZnpb){qHºXr5tpb1 / ¶u¥nv_ η̃ µ x̃∗ }q«
ṽ∗
q{%¶ tpbAX+b) ¬kj
η
µ
x∗
q
v∗
0±È~{Xa(¬5uq5uq5Ænv_ul({¬lvbAtp%%nvu{q.¶u¥nv_ / 8k± - L0}q / 8k± - 80µ¶bQº«q np_%nH}qkj lªr_
β
a(r«lon¬«bÆmtC¶q¯u¥q·lª{X¥ux u¥q5b]l{q np_5ul(ºXr5tvbXµS¶_5ux_¯a! ² b]l / ± D 0{X¬kZu{r«l / Æ+{XlvbAt]µ:jb+nnpb)mu{rl{k{ ² lv_5{%¶$lYnv_«%nnv_b{Xmnvua!}zA{qlªnpqXnuxl80+±  bQ}xlv{A¥b]}tp¥j_«Cb
`(β) ≤ `(η) + 2
µ5}q5tp{?bAtvnoj / ± D 0¨©{¥{%¶$lnp_5bAq¨©tp{a / 8k± - 0A± 2
x
v
(x̃∗, ṽ∗)
η̃
2−`(η̃)
Ä u¥Xr5tpb7aH}´mu¥a!}9_«}q5Xb£{¨tpb)lv{rmnvu{qu¥q¾t5b)ab]lª_0±
      M A9 9 	 	  
4êqÆ{Xtpmb)tnv{H5tp{%b£¥b)aa!±]mµ5¶bb+n]µm¨©{t$ub)qAbA
β ∈ M
µ
F̃ (M,F , β) =
{
α ∈ T̃(M,F), F−1(cα) ∈ β
}
ßß ÛTää]ñªå
X   	H   #=+!3     (*   * 	'

		
¬?b3nv_5bH+b)¥xl1{¨Snv_5buqXnpbAtpaHb)mux%npb / q{qXtpXmb) 0	aHb)lv_ T̃(M,F) ¶_5{Xlvb3AbAqZnvb)tYuxlY¬ ² ¶	}t¾k¤Xb)+nvb)uqXnp{
β
± ¢ AA{tmuq5(np{nv_5bA{qlªnvtprnpu¥{Xq{¨
T̃(M,F)
µ5u¥n$ul	tpb)Xmu¥jlvbAb)qnp_%n
`(β) ≤ `(α), for any β ∈ M, α ∈ F̃ (M,F , β). / 8m±¥ -D 0
^	_b¨©{¥{%¶uq5!bAaHa!lªnp}nvb)lY}q¾uqkbAtlvbu¥q5b]wZr}u¸nojXµ¶_5ux_}{%¶$l	nv{Q¬?{rqÆnv_b3Atp5u¥q¥u¥noj{¨
np_5blvb+npl
F̃ (M,F , β)
±
B½  ¯  D#1% # 3	'6(@K*+EB( .3  ! !/. 
! / ± D- 0 *6 C*+B
`(α) ≤ `(β) + 1, for any β ∈ M, α ∈ F̃ (M,F , β) / 8m±¥ - 0
M *
	' !@!H 
C
!*JK*+
sup
β∈M
#(F̃ (M,F , β)) ≤ C / 8k±AZ0

		'@# 
!'*
M 2
Q	'6 2 F£ub)qnp_5bb)q5bAtpux1¨©{Xtva / ±P8C0{}¨ F µ F−1(cα) ∈ β tpb)l
xα ∈ βx / 8m±¥)B0
vα − G(xα) ∈ βv / 8m±¥)Z0
q3¨©tv{Xa / 8k± -D 0+µ¶b$lªb)b	nv_}n / 8m±¥)60uaH5¥ub)l αx ⊂ βx ±c1{%¶ XA+{Xtp5u¥q5Ynv{np_5b1A{qlªnvtprnpu¥{Xq3{¨np_5b1aHb]lª_
T(M,F)
µk¶b1{¬lvbAtpbnp_%nnv_5bY}tpbAqZnAbA
α̃
{}¨
α
ullvr_Hnv_}nlv{aHb
β̃ ∈ M
lp%nvuxlªºb)l
F−1(cα̃) ∈ β̃ / 8m±¥) - 0
q
`(β̃) ≥ `(α̃) + 1 = `(α),
_5b)q+b
`(β̃) ≥ `(β). / 8k±AX0
~{Xqlvumb)tvuq53nv_5b5jX5ulªnvtprnpr5tvb{¨0np_5b(+b)¥xl)µmbAu¥nv_5b)t
α
}q«
β
_CXb£lp}aHbbAXbA9}q« / 8k± - 0ulnptvrbµZ{t
`(α) ≥ `(β)+1
qHnv_bAq!np_5b1uq+rlvu¥{Xq
αx ⊂ βx
¥b]5lznv{
α̃x ⊂ βx
±Sc${%¶¨©tp{a / 8m±¥) - 0¶b_Cb
xα̃ ∈ β̃x
µqQnp_5bAtpb+¨©{Xtvb
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|vβ − vβ̃ | ≥
`(β̃)
∑
`=`(β)
2−` − 1/2 · (2−`(β) + 2−`(β̃)) = 3/2 · 2−`(β)(1 − 2−k)
¶_bAtpb
k := `(β̃) − `(β)
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α̃
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|vα − vα̃| + |G(xα̃) − G(xα)| ≤ 1/2 · 2
−`(α)(1 + ‖G′‖L∞) ≤ 3/4 · 2
−`(α),
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F̃ (M,F , β)
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#(T̃(M,F)) ≤
⋃
β∈M
#(F̃ (M,F , β)) ≤ C#(M),
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